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[Text] Chapter 1. Definitions and Initial Formulas
1.1. Some Definitions and Formulas for Determinate Functions

The determinate, i.e., random, functions or temporal processes 3(t) examined
in the present section serve as the analytical representatlon of radar

signals.

We shall employ the symbol <> to designate a pair of Fourier transforms,
e.g.

"(t)":"g(f). ' ) (1'1)

which in expanded form means

2= I g ey,

gH= { 2() éﬁ""f&t. ' | 1.2)

gt—-as é““a8

The letters t and f designate time and frequency. Here and below we shall
not stipulate the existence of improper integrals, since it is assumed
that all of the integrals of the determinate functions examined are
absolutely convergent. .




The real temporal-process 3(t), representing high frequency oscillation
with slowly varying amplitude S(t) and phase 2mO(t)

3(t)=S (t) cos {2nft - 200 (1) -9} (1.3)

can be written in the form

_a(f)=Re{S(He/ P} | (1.4)
or in symbolic form

8 (1) =S (t)e/ Pht+el, - (1.5)
where fo -- carrier frequency, ¢ -- initial phase, S(t) -- complex
amplitude (envelope)

S(H)=S(r)e™", o (1.6)

which determines the form of the signal or the nature of the modulation.
Accordingly, the function S(t) can also be called the modulation function.

If the spectral density of the function S(t), called the modulation
spectrum below, is G(f)

G(hwSE. . 1.7

the frequency spectrum of the process 3(t) and its symbolic representation
3(t) will accordingly be :

s g ()= G — ) "5 T ) e @.8)
C imeE=00—Re 1.9)




The overscribed bar designates complex conjugate quantities. When the
carrier frequency is significantly greater than the modulation spectrum
width, the frequency spectrum of the symbolic representation imitates the
frequency spectrum of the original on the positive half-axis £ (to within
a constant of 2). '

Frequent use is made below of the scalar product

S 3 (t)3z(t)dt ' (1.10)

-—00

of the two oscillating processes al(t) and az(t) with close carrier

frequencies f01 and f02

"ﬂ—-‘.,ol‘l<I¢p f“. ’ (1-11)

Assuming that the result of integrating an oscillating process Witﬁ
slowly varying amplitude and phase over a sufficiently large interval is
practically zero, the scalar product (1.10) can be represented as

[ ae@dt=—5 Refe! " °f 8,(0) S, e ot )=

00 00

=y Refe ™ °g° N TTFL=fa. 2

Following the definitions introduced in [18, 8], we shall call the
quantity

Q= °S° aa(:)dt.—..;'_li. °§ IS@pde (1.13)

—00 ~00
the total energy, and the function

$(z)= _'._ OSO s(t)s (t—;g) dt = Re (e ¢
e — (1.14)
.)(2%, S S()S( = =) dt}

—00




the correlation function of the process 3(t). We note that the term
correlation function employed in the theory of random processes is
analogously applied here to a determinate process -- the signal 3(t).
We can write ’

§ (%)= ¥ (<)) cos [2f,= -+ x ()], (1.15)

where IW(T)I and k(t) ~- are the absolute value and argument of the
complex correlation modulation function Y(T)

.W(z)%— 2LQ,S S(t)S(f—r=)at. (1.16)

The power spectrum of the signal w(f) is associated with the modulation
power spectrum §2(f)

0() =16 (AP - 20 () (1.17)

by this formula, which is analogous to (1.8):

o (N =IgNP =40 — ) +—-A(—f—1,). (1.18)

The carrier frequency is defined by the relationship [8]

T —ar—ida = s0F@a=o 1.19)

It can be assumed in general that the power spectrum of a radar signal is
symmetrical about the carrier frequency fo, i.e., the modulation power

spectrum Q(f) is an even function. Furthermore, the modulation correlation
function ¥(1) is also an even real function. Accordingly,

x(t)=0for =,




while (1.15) is transformed to

¢ () =¥ (x) cos 2xf,®. . (1.20)

Consequently, the correlation function of a radar signal looks like
oscillation having only amplitude modulation.

In some calculations it is helpful to employ an approximate representation
of the modulation correlation function. This study employs the rectangular
approximation

.;‘ rl for IT'I<_;""K, .
¥ (z)=1 ' ‘ 1.21
. IO for l‘tl>—%‘1x’ ( . )
where TK —— correlation time
(e}
= [ MwEprd, - a2
—00

and a representation based on expanding the function ¥(T) by powers of
the parameter T. If we introduce the notation

. C{sepa 0§ e
=7 () = =4 T,
. § [S(rdt § emdf (1.23)
o , 2 CoA |
then for small T
. \F(t)T—:l_._;_pf . (1.24)

The parameter BT defines the dispersion of the frequency components of

the modulation spectrum Q(f) with respect to the "center of gravity"
(the point £=0), and can serve as a measure of the spectrum width of
the signal 3(t).




The signals emitted by a radar usually have a periodically repeating
modulation function which can be written in the form
o | |
: k ﬂxf—f
s, (t)_. 2 S“(t—kT)=T 2 G,, (—T;)e " (1.25)

It is assumed that the function ST (t) is identically equal to zero
. o M
outside the interval (O, %w)’ The latter is stipulated in order for the

function in question to approximate radar signals, but is not a bound which
flows from the exposition above. The other quantltles, such as G, , Y,
etc., referring to the same repetltlon perlod are also given the subscrlpt

TM, so that

G, ..A'(f)<+>8“(t)- . (1.26)

The function (1.25) has a discrete frequency spectrum, However, by using
the concept of delta-function 8(¥) we can arrive at a generalized
representation with which the spectral density function also includes
separate spectral lines, including the constant component [8]

E S “(t kT ).-» - Sj G (%) (f_._;:). (1.27)

Operations with a delta-function based on these formal relationships

B(t —t,) =il (1.28)
eI 8(f— ),
$0
gf(x)uy x)dx—i(y). - (1.29)
L) - . ) h, o
’ 1 2=,
2 B(t—kT) = E e (1.30)
k=—00 k=00~ .




- -]

T i’] /24T 2 5(’““‘:-‘)- (1.31)

k=—c0 . k=—c0

can be carried out’sufficiently rigorously. In order to do this it is
necessary only to carry out the entire operation with the function with

the function -% exp (- 15?0, or with another impulse function having unit
area, then passing to the limit T - O.

The complex envelope S(t) of a reflected radar signal usually represents

the product of a periodic function Sz(t) and a cutoff function 1(t;T), where

T is the effective duration of the cutoff function

T= [ 1 nad. (1.32)

-0

We shall be using below the rectangular cutoff function

1, T)={ 1 for |f|<0,5T }’%.Tsin/an (1.33)
. for ||>0,5T ) T}
and the bell-shaped cutoff function
(1.34)

(6, T)= exp(~;-‘.-‘,’—,)~+» V2T exp(— 2nT’i’)..

The frequency spectrum of the product is equal to the convolution of
the frequency spectra of the factors, so that

o

S@)=1,(tT) i“ s,u(t.—kr“)_';e»% ) G,;(;—)X | |
=" = " (1.35)

sin .1;7" (f—-— %—) .
' x M

]




and

S(H=1,¢,T) i‘l s,‘M(E;kTvu).%, fur % o”(-};)x
=00 h=—00
Xexp [-——21:7" (f— _;;)’] | (1.36)

The following general rule can be formulated. When multiplying a
periodic function and a cutoff function, the Fourier transform becomes
solid rather than remaining a line spectrum. Furthermore, each spectral
line "spreads" into a spectral band which has a form similar to the
Fourier transform of the cutoff function.

Adjacent spectral bands of the frequency spectra (1.35) and (1.36)
practically do not overlap. For example, the adjacent frequency bands

)2J. and ’ .éxp' [—Q“T’(f"‘n;;l)zJ | , even with a

exp [-—- 2zT? (f —_ —;..'—

relatively small ratio between the signal duration T and the modulation
period TM totaling 2, intersect at the 0.002 level. We shall be using

this fact later in various calculations. As an illustration, we present
here the calculation of the correlation function of the modulation of
the signal (1.36). Assuming that adjacent spectral bands do not overlap,
the power spectrum of the modulation can be assumed to be

Q(f) =2(_;-)’ i a,, (—:-) exp[ —4n7? (r—%]- (1.37)

M M
R=—00

The latter expression represents the convolution of the functions

V_T‘l_;(??;_')kx()(%)s(f—-%) - (1.38)

and

2T exp[— 4xT2p"],




the Fourier transforms of which will accordingly be

©o

:‘E‘%Qg'u‘lrfu("_krn) s
and = (1.39)
) ﬂ‘.!’
. ) ex»p (_“‘ﬁﬁ)a
where
Q=7 | 1Sru@ra - (1.40)
-—w i _' '
and
. 'l‘- oo : ,
\Ir”(z)=562_.j‘ S, )8, (=) at. (1.41)
Tu 'I°° . . ] 7
Therefore
‘F(t)'=éxp(——§‘%) Y Frule— kT, (1.42)
=00 N

Analogously, for the signal (1.35) the correlation function of the
modulation is

' 0 ‘ ' -
(1,_|_T‘l) 2 W, (s—kT,) for [f<T,

. . R=—00 ’ ! (1-43)
o . for [s|=T.

W (z) =

1.2. Some Definitions and Formulas for Stationary Random Functions

Of major importance for the theory of stationary random processes is
Khinchin's formula [51], according to which the spectral intensity
function V(f) of a random process n(t) and its correlation function




‘Pn(;:) = —,’.—(n (t)n(t— =), (1.44)

are connected by the pair of Fourier transforms

Py, (m | (1.45)

where

at=(nt(1)), 4 ' (1.46)

with the angle brackets { ) here and below designating statistical
averaging. It is assumed for simplicity that the mathematical
expectation of the process n(t) is zero.

The reception interference examined in this study is represented by a
stationary normal process, usually called a random process. We shall
distinguish between two types of random processes: high frequency n(t)
and lower frequency N(t). The spectral intensity of a low frequency
random process N(t) is the low frequency function Jr’(f) which is almost
wholly concentrated in the vicinity of the point £=0. Furthermore, the
origin point on the f axis is defined by a formula analogous to (1.19).

The spectral intensity v(f) of a high frequency random process, like the

power spectrum of determinate signals, can be represented as

"(f)z"%M(f_’o)"*"%"w(_i_,o)v (1.47)

where AP (f) is a low frequénéy function which is practically non-zero
on an interval whose length is significantly smaller than the center
frequency fo.
Substituting (1.47) in Khinchin's formula (1.45), we find
H o, .
(n()n(t — «))=»[ { o () cos (2xf2) df] cos 2nf,x —
" e s ‘

(1.48)

-—00

[ T wesin@srar]sin e

10




A random process can be represented analytically in different ways.
We recall that the spectral intensity v(f) or its Fourier transform
<n(t)n(t—T)) characterizes a random process exhaustively. Therefore,
the criterion for the correctness of a selected representation can be
the coincidence of the spectral intensity Vv(f) or average products
(n(t)n(t—T)} of the analytical representation and the real process.

A high frequency random process is often represented [2, 18] as the sum
of sinusoidal oscillations which are amplitude-modulated by low frequency
random processes Nc(t) and NS(t) :

n ()= 1&;(1) cos @efit + )+ N, (1)sin 2=/t +9) (1.49)
or
’n'(t)=i2e{’N(t)§"2""+;’}. - ) : (1.59) :
where ¢ —- arbitrary initial phaseb, and
. : .N(f)“—“-Ne(t)——iN‘(t)._, ; | (1.;5‘1.)¥ _

If the high frequency process n(t) has spectral intensity v(f) assigned
by means of (1.47), the processes Nc(t) and Ns(t) must be such that

-(N; ON,( — D)= (N, ()N, (t —2))= of o (f) cos (2xf) df, (1.52)

N (O, (=) =— (Nt — )N, ()=

: @ - (1.53)
= [t @ysin @ df.

The average pfoduct (n(t)n(t—TX> is the same as (1.48).

In accordance with the real conditions encountered in practical
applications, we can then assume that the function\® (£f) is even

11




(1.54)

N (— = (]).
Then »

L ON (=N =N ON =)= | WD @)
| - : (1.56)

(N (N, (t—=)=(N.(t—=)N, (1)) =0,
- : . (1.57)

s (NN (t—=))=2(N ()N, (t —=))

an ; :

(m(t)n(t— 7)); (N ()N, (¢ — ) cos 2efs. 0.58)

In this case, accordlng to (1.56), the random processes N (t) and N (t)
are statlstlcally 1ndependent

It is also possible to represent a high frequency random process n(t)
as .

n()=N,, (f)cos [25f,¢ 5 (£) 9] +-N,. (1) X
X sin [2nf,¢ 4% (1) ). (1.59)

The determinate function k(t) defines the angle modulation principle.
If the low frequency random processes NcK(t) and NsK(t) are such that

(N, ()N, (t — r»—(N,.(t)N,,(t—r»—

=c0s [ (f) — x (f —%)] g N (f) e "df, (1.60)
(Nt —3) N,i(t>>—é<gc.<r> Nyt — )= e
=sin[x() —x(¢—)] { #°()e™"df,
the average product is | i
(ri.(k)n(t—t));_- cos 2xf % 3‘0 N () e"""‘d}, | (1.62)

i.e., the same as (1.58)

12




The derivative N'(t) of an arbitrary differentiable random process is also
a random process [22]. The statistical characteristics of the function
N'(t) can be found from the statistical characteristics of the original
function N(t). By measuring the order of differentiation and statistical
averaging (integration), we obtain

(N (N (t =)y = — 25 (N (O N (¢ =), (1.63)

(N' ()N (8))=0. (166

The spectral intensity function AP (f) of the random process N(t) is often
wider than the spectral lines of other temporal processes examined in '
conjunction with random ones. The spectral intensity (f) is

approximately constant within the frequency domain employed in the

present problem. The rate at which the function,l°(f) drops off outside

the working frequency region is of no significance from the practical

point of view. Therefore, a wideband random process N(t) can be

approximated by a hypothetical process -- uncorrelated noise (white noise) --
characterized by the following relationships:

W’(h = N, == const, (1.65)

(NN (1)) =N (t, —1,): (1.66)

The spectral intensity v(f) of a corresponding.high frequency process

n(t) consisting of two sidebands s — and _1_ N
will be o Ul 7 # (=1
y(h=n= " (1.67)
and
_("(f.)n_(t.))=%6(t,-ft,). L (1.68)

13




It should be emphasized that white noise cannot be realized, and that
it represents only a convenient mathematical idealization. For example,
a real normal process N(t) with correlation time TK interacting on a ’

system with a time constant significantly larger than T behaves like

white noise with spectral intensity

= [ (NN =),

—00

We note that we are employing representation of frequency spectra along
the entire frequency axis from f = -© to f=o, while only positive
frequencies have any physical meaning. Therefore, the spectral intensity
which figures in our formulas, such as V(f) for the random process n(t),
represents a quantity half as large as the real spectral intensity, which
means the average noise power per Hertz of bandwidth.

The following relationships hold for random processes which can be
approximated by white noise:

( fo N (L) NG 9 (t £ dt, dt,):.—ﬂo T otut)dt,, (1.69)

'

2. GjHN LIN (N, (N, (¢, )?(t,.t,.t,,t‘)dt dt dt dt)

ro =N ”<p (b byo trn b)) d, dt,, (1.70)
i 3. ( j i i NN EINEIN () (tl’, bty t) dt dt, dt,dt4>=
= N? [ﬂ <p(t.l, ttat,)dl, 4t;' +f°g YA dt; -+ (1.71)

+ ffq» (ti s, t... t)dtydty],

14




where ¢(t1,t ) and ¢(t 3,t ) are arbitrary numerical functions of the

t, and t Expressions (1.69) and (1.70) are

1’ B2 1’ t?.’t3’ 4
obtained by direct application of (1.66) and (1.56); the derivation of
formula (1.71) is provided in [40].

variable t

A random process can often be represented as the convolution of white
noise with some determinate function. Therefore, formulas (1.69)-(1.71),
in part, can be used to compute different moments of random processes.

Let us assume, for example, that the random process n, (t,a) is the result

of convolution of white noise n(t) with a determlnate function of time t
and the parameter o~s(t, a)

n, a)= T n(z)s(tT_z, a)dz: (1.72)

" g0

Then, on the basis of (1.69),

s @t s )=, | St a)a(tbh el T
If
N, (1, g)=1;e{ ?N(z)S(!-—_—z,._ 2) Zl\z}‘, (1.74)
then

e i eIN G s)=
=N,Re{ j S(t-l—t,, a,) 8('t—+“t_,,—a‘)dt}

~00

(1.75)

As a second example, let us find the mathematical expectation and
dispersion of the function

15




o W(t)=.—;- S ":(f)l(f.‘ T)nn(f—f)l(lf—t. T)dt, (1.76)

which is a generalization of a short-time correlation function [57].
Process nl(t) is defined via (1.72), assuming that s(t,0)=s(t). Using

(1.69) and (1.71), we obtain

'(W (‘)):‘—"'naQ’q’l (")4‘(").. N (1.77)
Xl (v) —(W (t))l’) =
8 5 b5 0l (x)-w<x+w(x—=ndx. (1.78)
where
it =5 T 1, T)l(t—-:, T)dt
 wEm=

l(t TH(E—~= D¢t —x, T)l(l——-':--x, T)dt

'—-——’8

and Y(t) and Q2 are the correlation function and total energy of the
process s(t).

In the case of a bell-shaped cutoff function
ned )
=~ 55).
nx?
‘P.(‘- x)= _exp( 2T,)exp( T')'
We shall be representing various electrical oscillations which are

certain functions of time as points or vectors in multidimensional
space. The possibility of this representation is substantiated in

¥
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[18, 8, 63], and refined in a number of subsequent studies, which are
reviewed in [43]. Accordingly, we shall represent the interference n(t)
as the point n=(nl,n2...,nm), and we shall write the density of the

probability p(n) that random interference on the interval tlf_t_<__t2 will
take on a value of n (interference probability density functional) as
[18, 8, 63].
L 1.79
p(n)=kexp[—N—jn’(t)dt]. 1.79)
[ ]

hH

Expression (1.79) is derived on the assumption that the spectral intensity
of random interference

No

'. =1 for. |fI<Ff,.
o Q for |i|:>ﬂ&'"'

Furthermore, the coefficient k in (1.79) is

m
2

,k=(-2_—"IN—J—m) : m=2fm(t,'-—‘f|)» |

The boundary frequency fm can be as high as desired. Therefore, expression

(1.79) is used, in part, for a white noise approximation of interference.
It must only be kept in mind that as fm + o the coefficient k + «, and

there exists no finite limit for the function defined by formula (1.79).
However, since the coefficient k is independent of the realization of the
interference n(t), the ratio of the grobabilitx%density functionals for

two interference realizations, say n*(t) and n" (t), has a finite limit and

physical meaning. The ratio of the probability density functionals

*
RLE;% indicates by how much the realization n*(t) is more or less probable

p(n )
*% '
than the realization n (t). Thus, the probability density functional of

17



white noise is defined to within the coefficient k. This does not

result in misunderstandings when using the concept of "white noise",
since radar observation theory does not actually examine the interference
probability demnsity functionals, but rather their ratios.

Chapter 9 investigates the case in which the intensity of the interference

N0 is an unknown random quantity distributed as pl(NO). “In this case

expression (1.79) for the interference probability density functional
is transformed to the following:

oo

1y Y ’ .
£ oo [ =g [ )t e, (1.80)

P(ﬂ)—- 757—

i
2

1.3. Combined Transmission of Signal and Interference Through
Receiver

We shall assume that the receiver consists of a linear radio frequency
amplifier (incorporating in the general case an HF amplifier, a converter
and an i.f. amplifier), an inertialess detector and a linear video
amplifier, tuned to the frequency of the received signal. Input to

the receiver is the oscillation

X(O)=n(t)-s(t—1), (1.81)

consisting of random interference, which can be approximated by white
noise with spectral intensity N0/2, and the valid signal

3(t— 1)) =8 (t — 1) cos [2ef, (%) +9]. (1.82)

We recall that the real spectral intensity of the interference at the
input of a receiver is NO. We are examining the transmission of

amplitude-modulated (or pulsed) signals. However, as will be shown later,

w
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the findings can also be used for other types of radar signals.

We shall designate the frequency responses of the radio frequency amplifier
and video amplifier a(f) and A(f), and their Fourier transforms, i.e., the
impulse responses of amplifiers, h(t) and H(t). The frequency response of
the radio frequency amplifier can be represented as

a () =ay(F— )+ ag(f-+Fo) (1.83)

where aQ(f) is a function which is practically non-zero in a comparatively

(with fo) narrow frequency band near f=0, such that

ag(—fN=ay(f).

Furthermore, introducing the notation
ho()=ag(f), . (1.84)
we find

h(t)= T a (f) €™!" df = 2h, (f) cos 2nf,.- (1.85)

—00

The function ZhQ(t), determined by means of (l.b4), is the envelope of
the impulse response of the radio frequency amplifier. ‘
We shall give the respective subscripts 1, 2 and 3 to the different
voltages at the output of the radio frequency amplifier, the detector

and the video amplifier.

The voltage xl(t) at the output of the radio freQuency amplifier is equal

to ﬁhe sum of the signal voltage
|
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8, (£ — 1) = 3? S(t— v — 2)h(2)dz =

r

=COS[2nf°(t__1J)+(P] OS? S(z)hn(};:‘%__z)dz (1.86)

and the envelope

Sttt = [ S hy(t—s,—2)ds

2 (1.87)

[N

[PAGES 24 AND 25 OF ORIGINAL TEXT OMITTED. ]
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2. Square-law detection of a strong signal

Xy (0) = S} (t— =) 425, (t— =) N, (8). (1.99)
3. A weak signal

XL (O)= ST (= 5 N () NL(0). (1.100)

The latter expression reflects accurately enough the transmission of a
weak signal through a square-law detector; it is extremely approximate
for a linear detector. The accuracy of formula (1.100) for linear
detection, however, is not important for us, since we are employing a
square~-law detector for weak signals (Chapters 6 and 8).

The case of linear detection of a strong signal is fundamental in the
investigations below. We note that the output of a linear strong~signal
detector is the same as the output of a synchronous detector. In both
cases the phased component of the interference Ncl(t) is retained at

the output along with the signal envelope. The quadrature component
Nsl(t) is almost fully suppressed. With the matched frequency response

(1.90) the valid component Sl(t-TO) and the correlation function of the
interference Ncl(t) at the output of a linear strong-signal detector

have the same form as the modulation correlation function
S, (=) =Q |Vt —=,), (1.101)
. N 1 ]
(ch(’x) Nc' (t,)) =—§—N°Q°‘l'(t‘——t,)., (1.102)
Finally, the voltage X3(t) at the video amplifier output will be

X0=1{ X@Ht—2dz. (1.103)

—00
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For linear detection of strong signals, the latter expression is
transformed to

‘ X-(f)==°§ [S(z — %)+ N (N H (t —2)dz, o (1.104)

—0

where HZ(t) is the generalized impulse response of the receiver

H,(t)= | o () H (¢ —2) dz, (1.105)

~00

which is the Fourier transform of the generalized frequency response AZ(f)

AN =a,(NA 0. (1.106)

Thus, in the case of linear detection of strong signals the video amplifier
output voltage X3(t) is fully determined by the generalized response of

the receiver Hz(t) for AE(f)’ and it is irrelevant how this response is

distributed among individual components of the receiver, especially
between the i.f. amplifier and video amplifier.

Analogously, for square law detection of strong signals

xo={7 [S(r—S@—w+2SE==NENX 44

¢ - ‘>'<Hz(t""zp t—-z,)dzle,

and for detection of weak signals

[

xo=|] sE—Se—TNE) N, (z)+

- (1.108)
+,N.(Z|) N, (za)] H;(t"“zn t— 2,)dz,dz,.
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where HZ(tl’tZ) -- generalized two-dimensional impulse response of
receiver,
} . o

- H,(t, t,) = f hy (t, — 2) hg (I,I——‘z)’i{.(z)dz, (1.109)

~00

which is the Fourier transform of the generalized two dimensional
frequency response AZ(fl’ f2)

% -
A (e f) = ag(f,) a“([,)le.(fl + ) (1.110)

Hotto )= [ 4w ) explize ity -+ DAL, (1.111)

Thus, in the case of square law detection of strong and weak signals
the video amplifier output voltage X3(t) is determined by the generalized

two-dimensional receiver response HZ(tl’tZ) or AZ(fl’ f2) and it is

irrelevant how this response is distributed among the individual
components of the receiver,

The case is also encountered, in Chapters 5 and 7, in which the

envelope detector has as input the oscillation

X () =|8, (t— )| cos[2xf, (t——-':o)_.l..x(t__-_.to)_*._?}_‘_'n‘ o, (1.112)

consisting of random interference and a signal with simultaneous
amplitude and phase modulation. If we use the representation (1.59)
for the random interference nl(t), the output of the strong-signal

detector can be represented as
X, () =18, (t—s) | N (0. (1.113)

The low frequency random process NcK(t) is defined by formula (1.60).



CHAPTER 2. Statistical Treatment of Radar Observation Process
2.1. Statistical Model of Radar Observation Process

The observation process performed by a radar operator consists of detecting
signals reflected from targets, and estimating certain parameters of these
signals, such as the parameters which determine the target coordinates.

The interference which unavoidably occurs in any radio link masks the
valid signals and makes it impossible to use the received oscillation

to establish with absolute certaintly that a valid signal is present and
to estimate its parameters precisely. The occurrence of interference
causes the observation results to be random, and makes it necessary to
study these results by statistical methods.

Under actual operating conditions the decisions made by an operator

when detecting signals and in estimating signal parameters are based on
certain subjective criteria which depend upon the level of training and
other properties of the operator. Subjective operator properties have
some influence on radar observation performance indicators. However, the
limiting capabilities and indicators of radar systems are determined
primarily by the statistical nature of the problem. A statistical
statement of the problem requires only that we free the radar observation
process of subjective "baggage'", assuming that the operator acts on the
basis of clearly formulated decision making rules, and replacing the
operator with a decision device. Replacing the operator with a machine --
a computing and decision device -- also corresponds to the current trend
in the development of radar systems.

We shall represent the statistical model of the radar observation process

to be examined below in the form of the diagram shown in Fig. 2.1. The.
main components of this diagram are the signal space I, the interference
space N, the received oscillation space X, the-receiver, the output space Y,
the decision device and the decision space S%.

The signal space I consists of the set of all possible valid reflected -
signals arriving at the input of the receiver. The set of valid signuals
can be defined in principle such that it includes the case of receiving
several reflected signals simultaneously. However, we shall assume that

it is possible for only one single target to be present in the space

which the radar is examining. A brief discussion of the possibiliity of
the simultaneous presence of a large number of targets (resolution problem)
will be presented later. 3
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Fig. 2.1. Statistical model of radar observation process

The reflected signal is formed as the result of interaction between the
radiated signal, the reflecting object and the environment. The

reflected signal can be represented analytically as some known function
(determined by the nature of the radiated signal) of time and a series of
random parameters. The random parameters in the reflected signal to be
estimated will be called useful parameters. The random parameters of the
reflected signal which are not to be estimated and which are statistically
independent with respect to the useful parameters, i.e., not containing
information about the useful parameters, will be called parasitic
parameters.

The reflected signal can thus be written as the function 3(t,s,u), where

s and u are random vector quantities which represent respectively the set
of useful and parasitic parameters. We note that the reflected signal can
consist of the sum of the elementary signals 3=31+...+3n), differing from

one another in carrier frequency, modulation principle or by the fact that
they represent the state of the electromagnetic field at different points
in real space. It is assumed that the reflected signal 3(t,s,u) has a
finite fixed duration of T sec. The signal space, besides the set of
functions 3(t,s,u), also includes the null signal which denotes the
absence of a target. We shall designate the event "target absent" by

the symbol S0 and consider that Sy is one of the possible values of the

random vector quantity s.
Each point of the signal space I is thus uniquely determined by the values
taken on by the parameters s and u. It will be helpful below to

introduce as well the concept of useful parameter space S, or the set of
all possible values of the random parameter s.
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As a rule, random parameters can take on arbitrary values within
certain intervals. However, in most theoretical and experimental
studies it is useful to idealize the signal space somewhat in order
to determine the basic dependencies and regularities. It can be
assumed, for example, that some of the parasitic parameters, or

even all of the parasitic parameters, in a reflected signal are non-
random given quantities. -This idealization makes it possible to
determine separately the influence of each of the parasitic
parameters on the radar observation process.

Analogously, it can be assumed that only a single useful parameter

© is to be estimated, such as the delay time, and that the remaining
useful parameters are fixed, i.e., given. In this case the scanning
is done with respect to only one parameter or one coordinate, such as
the range coordinate in some fixed direction. The latter assumption
makes it possible to resolve a number of important problems in radar
theory.

Finally, an idealization is employed in which the set of useful
parameters s can take on only a finite number of fixed values s,

Syeses S5 a8 well as the value so. Radar lines with a discrete

set of useful parameters will be called simplified radar lines.

The present chapter imposes no limitations om the class of
interference contained in the space N. It is assumed only that

the distribution p(n) is defined for the random vector quantity n
representing the realization of the interference from the class in
question. Added together, the interference and the signal form the
received oscillation x(t), which is represented by the point x in

the space X. The system must provide a unique transformation of the
received oscillation space X to the decision space S§*, which consists
of the set of all possible decisions s* made during the radar observation
process. The decision space has the same structure as the useful
parameter space 3.

Using as guidance the consideration of convenience in practical
construction of the system, the latter is assumed to consist of two

parts: a receiving device and a decision device. Accordingly, the
operation of transforming the received oscillation into a decision is
split into two stages. The first stage involves transforming the received
oscillation into the output of the receiver; the second stage consists of
transforming the output into a decision.
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2.2, Statement of Problem of Optimal System Definition

An optimal system is one which provides the decisions or estimates
which are best in terms of a selected optimality criterion. The
optimality criterion is selected so that it corresponds sufficiently
well to the nature of the problem being solved. This rule does not
define the criterion in only a single way, and leaves open the
possibility of substantial arbitrariness in selecting it. The extent
to which the selected criterion can serve as the basis for analytical
solution of the problem should also be kept in mind.

An estimate is a random quantity, and its quality can be determined
only over a large number of trials. For this reason, practically
all optimality criteria can be reduced to ensuring the minimum or
maximum mathematical expectation of some function of the signal

and decision (estimate). The general optimality criterion for the
radar observation process can thus be written as [28]

p S

if(s ) f)p(g) p(s [s) ds z{s::extremum, 2.1
3 .

where s* is the estimate of the random quantity s, i.e., the decision
made as the result of making the radar observation. The set of all
possible decisions S*, which includes integration with respect to s*,
consists of the interval S* corresponding to the working range of
variation of the useful signal parameters, and of the point sg ("target

absent" decision) outside the interval S*. For convenience in writing
criterion (2.1) the decision set S* is augmented by the vicinity of

the point ss. The useful parameter set S has the same structure as the

set 8%, i.e., it includes the working interval S of variation of all of
the useful parameters s and the point g together with its vicinity.

r(s*,s) is the value function, which determines the relative value or
significance of the combined realization of a signal with parameters s
and the decision s*. 1In all cases here and below in which no misunder-
standing can arise, the probability densities and probabilities of
different quantities are denoted by the same letters: p —- probability
density, P -- probability. Conditional probabilities are designated by
the same symbols as unconditional ones, and differ only by the presence
of a slash in the argument, to the right of which is indicated the
conditional quantity or event. For example, p(s*/s) —- conditional
probability density for the quantity s* given realization of the
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quantity s (signal with useful parameters s). The character ~ over the
symbol p means that the probability density function includes the discrete

i *
point sO or sge Thus

~ o [P . - €SS
P(S) {P(s,)5(8~so)v SES, (2.2)
P = [PET9, s |
e | P05 /98(5° = 5,), STES”.

The symbol € indicates "membership", while the symbol 6 indicates non-
membership. The function p(s) determines the a priori probability of
different outcomes.

Simplified lines can be viewed as a special case of real lines, for
which the set of useful parameters s can take on only one of the
mt+l fixed values Sg» S1cter Spe When using simplified lines it should

be assumed that

—p(s)=i—n: P(S()a(s - sj)l
=}

. Y P . (2.3)
P('5)= Y\ P(s;[s)8(s’—s;).
i=1. .
Accordingly, the general optimality criterion (2.1) for simplified
lines becomes :
m m . . ‘
P=) Yir(s; s 8)P(s) P(s; [s) =extremum, (2.4)
l=0 j==0 o )

The problem of defining an optimal system consists of determining the
correspondence (called the system operator) between the received oscillation

x and the decision s*
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§* = A(x), (2.5)

which would satisfy the optimality condition —— condition (2.1) in the
general case. Determination of the optimal operator actually means
determining optimal processing of the received oscillations in the

receiver and an optimal decision rule in the decision device. A practically
important extension of the problem of defining an optimal system is the
calculation of the performance indicators of the system. The performance
indicators of an optimal system are called the limiting or potential
indicators, since they characterize the theoretically limiting capabilities
of the system. :

The solution of the problem can be found in general form for real lines.
Then the decision for simplified lines is obtained by applying formulas
(2.3). However, it is more convenient to begin our examination with
simplified lines, since this makes it possible to retain the connection
with the customary representations which have been developed primarily
for the two-alternative signal-no signal situation [6, 15, 61, 63, etc.].

Criteria (2.1) and (2.4) are Bayesian if the function r(s*,s) is assigned
in advance and its form is independent of the decision making rule. Of.
all known practical criteria, only the criterion of minimum information.
loss, for which

r(s’, s)=—log p (s/s),

does not belong to the class of Bayesian criteria [28]. In investigating
the radar observation process, the minimum information loss criterion
provides essentially no advantage, but it makes problem solving much
harder. Therefore, it is assumed below that the function r(s*,s) is
independent of the manner in which the estimate s* is obtained.

2.3. Simplified Lines
The oscillation x is input to the receiver. After appropriate processing
of this oscillation it is necessary to make some decision s? (j=0,1,...,m).

In the final analysis, without separating the functions of the receiving
and decision devices, the decision is based on the fact that the received
oscillation space X is divided into mt+l regiomns: XO, Xl"" Xm.
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Depending upon the region into which falls the point x, representing the
received oscillation x(t), a corresponding decision s? is made. This means

that correspondence (2.5) takes on the appearance

. : (2.6)
7 S=SI for XEXI (l=0. l,....m)

r

and it is necessary only to define the algorithm for dividing the received
oscillations space X into different decision regions.

The prbbability ?(s?/si) that for the signal s; arriving at the input of
the receiving device together with interference the decision s% will be

made, which is the same as the probability that the oscillation x will
fall in the region Xj when a signal with parameters s; is present,

P(s; /s,)=S p(x/s,)dx.‘ , (2.7)

Xy

The conditional distribution function p(x/s) of the quantity x, viewed
as a function of s with a fixed value of x, is called the likelihood
function. TFor additive interference the analytical expression of the
function p(x/s) is determined directly by the given noise distribution

p(n).

The quantities in (2.7) with the same subscripts for the signals and
decisions define the conditional correct decision probabilities. The
‘quantities in (2.7) with different signal and decision subscripts define
the conditional probabilities of various types of decision making errors.

An error in which the decision si (i=1,2,..., m) is made that one of the

- non-null signals is present when there is no signal at the input, is
called a false alarm. The false alarm probability F is

=3P ) =1—Pls) (2.8)
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An error in which the decision so* -- "no target" is made when one of

the non-null signals is present at the input, is called a missed signal.

We shall assume that the value function r is defined such that the equation
p = max is the optimality criterion. Before defining the algorithm in which
we are interested for dividing the received oscillation space, we shall
formulate the following lemma.

If ¢(x,0), ¢(x,1),..., ¢(x,m) —— is a set of functions defined in the space
X such that the equality ¢(x,i)=¢(x,j) for i#j can occur only on the set of
points of measure zero, and XO, Xl”"’ Xm are non-intersecting regions

. . m
filling the space | X ZXI=X) : 3 then
): (x,i)dx- max ’ (2.9)
=9 X,

only when the regions X (i=0,1,..., m) are defined through the system of
inequalities

X D= f), (j=0, 1,...,m, J5i). ' (2.10)

Let us compose the function

O()=suply(x, O p(x, Diovrp(x, ml (21D

where the symbol sup (supremum) denotes the largest of the values
contained in the square brackets. Then

”fq’(i)'dx>§ f ?(x, )ds. : (2.12)
X : =0k, ‘ :
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The equals sign occurs in the latter expression only if for all i

' jm(x)dx;—_.iq;(x, i) dx, @1y
%l : ' :

which leads directly to (2.10).

The stipulated condition that the measure of the set of points at which
¢(x,1)=¢(x,j) is zero can be omitted. Then the > and > signs in system
of inequalities (2.10) must be combined. For eigﬁple, for all j>i we
write the sign >, and for all j<i we write the sign >. Keeping this
remark in mind, we can later not concern ourselves with weather or not
the aforementioned condition is satisfied. '

We now transform expression (2.4) as follows:

"=§: S’i r(s) s 8) P (s) px|s) dx=max. (2.14)

=0 X; I=0

Based on the proof above, we conclude that condition (2.14) of the maximum
of the quantity p is satisfied if the system of inequalities

ZC-(’; y 8)P(s) pix]s) = Z r(s;! s)P(s)p (x['s,)' o
= = I (2.15)

'

=0, 1yoeo m, kE]).

is used as the definition of the regiom Xj (j=0,1,..., m).

The problem is solved completely analogously when the value function r is
defined such that the optimality criterion consists of minimizing the
quantity p. In this case it is necessary only to introduce the function
inf (infinum), which denotes the smallest value, instead of the function
sup. This makes it necessary to replace the > sign in the final result
of (2.15) with <. -

This separation of the regions makes it possible to define, in general form
for simplified lines (i.e., based on a general optimality criterion),
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optimal processing of the received oscillations in the receiver and an
optimal decision making rule for the decision device.

The boundary between the receiving and decision devices is somewhat
arbitrary, and is determined by considerations of convenience in
practical circuit implementation. It is possible to have an arbitrary
unique variation in the output of the receiver with a corresponding
variation in the decision making rule. It is also possible for various
operations on the received oscillations to be related to either the
receiving or the decision device. It is only necessary that the joint
action of the receiving and decision devices ensure ‘that system of
inequalities (2.15) is satisfied when decisions are made. For example,
when the oscillation x is received, the receiver might output the sequence
of the quantities P(s.) p(xls ) for all values of i (the Woodward-Davis
system). In this case the deCision device multiplies the output by the
corresponding coefficients of r(s?,s), performs the summation

L= ),,’(S, ) S,)P(s‘)p(x|sl) . (2.16)

{0

and compares the values of the sums Zj with one another. The decision
s§ is made that that signal sj is present for which the quantity Zj is

greatest. The final result remains the same if the operations of
multiplication by r(s?, Si) and summation are done by the receiving

device or, conversely, if the receiver is relieved of multiplying by
P(si) by transferring that operation to the decision device.

In theoretical investigations it is convenient to use the concept of
"]ikelihood coefficient" [63], which we shall designate by the symbol A
and which is defined as

ST I (2.17)
A(S) -_ p(x}s,) *

Like the likelihood function in the numerator of (2.17), the likelihood
coefficient is a function of the signal parameters (or, in the general

case, a function of the point in the signal space) for a fixed value of
the received oscillation x.
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Keeping (2.17) in mind, the following appearance can be given the
system of inequalities which defines the division of the received
oscillation space.

Region of null signal XO
NS )= SIPE A+

B . .

P, ISP (s S) (=1 2..nom). (2.18)

Region of arbitrary non-null signal Xj

- . ‘. . : m h . . . . .
s ": 2 [f (S ’ s{) —r (so ’ Sl)] P (S‘) A (S‘) +
' i=1 :

'
LI

+P(s)r s » s;)>P(s.')r(s{..'s.).' : (2.19)
',‘}:_(r (s; » S)—r (590 ) P(s) A- (s)+ P (s;) r (s; v S) >
. =| . . . o }

: P‘};‘lf(S;- s)—r(ss, s)P()A(E)+P (fo)i (Sp» S0 (2.20)
k=1, 2,...,m; kst]). -

The optimal decision algorithm obtained, based on the general optimality
criterion, is fully applicable if for all real operating conditions the
value functions r(sg, Si) and the a priori distribution P (si) are defined.

However, in most cases this definition is lacking. First of all, the
so-called "a priori difficulty" [8] occurs, which consists of the absence

of enough a priori data to define the function p(s). Second, statistical
theory assumes the value function r(s*,s) to be given, and does not deal
with selecting it. The value function r(s*,s) can in principle be

defined (albeit not uniquely) based on the specific tactical conditions
under which the system is used. In this case the function r will be
different for different systems and for different operating conditions

of the same system. On the other hand, as the function r changes, the
meaning and results of the decision may change significantly. If the
objective is to reduce theory to analytical formulas for system performance
indicators, it is necessary to investigate systems with a specifically assigned
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value function, instead of operations with the function r in general -
form.-

Different optimality criteria which are encountered in solving
practical problems are usually special cases of criterion (2.4) and
(2.1) with various assumptions regarding the functions p(s) and r(s*,s).

We note that the minimax method employed in game theory [1,55,62] does

not allow the "a priori difficulty" in radar to be overcome satisfactorily.
According to this method, the observation process is viewed as a game
between an observer and nature. The value function provides a quantitative
measure of the result of each realization of the game. It is assumed that
nature selects a strategy which is least favorable for the observer, i.e.,
the function p(s). With this assumption, based on Bayesian criterion

(2.1) or (2.4), the observer chooses his strategy (decision making rule).
Under actual operating conditions, the a priori distribution may differ-
significantly from the least favorable distribution. Accordingly, the
decision made by the observer will not be the best ones. In statistical
radar theory, the minimax method should be viewed as one possible, rather
arbitrary method for assigning the lacking a priori data required in

order to use the Bayesian criterion, :

In accordance with existing engineering practice, we limit ourselves in
practical applications to the Neumann-Pearson criteria and an ideal

observer.

The ideal observer criterion [18, 26, 62], which provides the maximum
average probability of making a correct decision

P=2 P(S,)P(s;ls‘)z;. max, (2.21)

{=0 -~

is obtained from general optimality criterion (2.4), if we assume’

ris;, s)=3, (2.22)
where Gji -— Kronecker's symbol
. g =l for j=I, .
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After assumption (2.22) is made, there still remains a fundamental
difficulty which is associated with the ambiguity of the a priori
distribution. The simplest way out of this difficulty is to assign
an arbitrary, but sufficiently likely a priori distribution, such
as a uniform distribution

P)=L (=1, 2,50, m),
P(s)=1—p,

(2.24)

where § -- probability of presence of non-zero signal, which must also
be assigned. Then the systems of inequalities (2.18) and (2.19), which
determine the separation of the space X into different decision regions,
take on these forms:

—- region of null signal XO

V)< iZtma=1,2,..,m), . (2.25)

—- region of arbitrary non-null signal Xi(i=l,2,..;,m)

A(s,)é%.’fm,'v' o .
A(S:)>Afsz) (=1, 2....,m;‘i‘7"=i)f‘ (2.26)

The decision rule based on the Neumann-Pearson criterion leads to a
similar result. The Neumann-Pearson criterion.is usually defined
for the two-alternative situation. We shall introduce an analogous
definition for the case of an arbitrary number of alternatives.

We shall assume that according to the Neumann-Pearson criterion it is
necessary to maximize the average conditional probability of making a
correct decision with respect to non-null signals ;| & .

= NP 1s)

=1
assuming that the false alarm probability is equal to some given quantity
F. The formulated criterion can be written analytically as follows:
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p=APEIs)+Y P(sls) = -
) ) =1

.=j‘ Aop(_)‘/so)dx-{—ﬁfp(xlsl)dx: rax (2.27)
. i=1% '
assuming that
;s.p\(-xl%)dx: L= F, | | (2.28)
where,AO -— an arbitrary constant coefficient.

According to the above, of all of the possible algorithms for dividing
the received oscillation space X into regions XO’ Xl""’ Xm, the

greatest value of the sum in (2.27) occurs when the definition of the
arbitrary region Xi of a non-null decision sg consists of the system of
inequalities

A(s)=A,,
As)=A(s) (=1, 2,..., m, i), (2.29)

and the region X0 of the null decision sg is determined through the

system

A(s)<A, (i=1, 2, ..., m). (2.30)

As AO varies from O to « the region XO varies from 0 to X, the false

alarm probability accordingly varies from 1 to 0. We select the quantity

, A0 such that (2.28) occurs, i.e., such that the probability that system

(2.30) will be satisfied when the null signal s is input is exactly equal to
the assigned quantity 1-F. The coefficient_Ao thus defined will be called
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the critical (or threshold) level of the likelihood coefficient.

Systems of inequalities (2.29) and (2.30), assuming that the coefficient

_ AO figuring in them is the critical level of the likelihood coefficient,

facilitate simultaneous satisfaction of equations (2.27) and (2.28), and
provide the sought separation of received oscillation space X into regioms
X, S 5.0, X . Dividing the space X into any other regions X',..., X'

0’ "1 m m

makes the sum of (2.27) smaller, and consequently reduces the quantity

m .
. . . % ,
;::P(St |54)' since the first term AOP(SOISO) must remain unchanged.

The Neumann~Pearson criterion cited above is obtained from the general
optimality criterion (2.4) if we introduce the following initial assumptions:
condition (2.22) and a uniform distribution of a priori probabilities

(2.24) with a probability of occurrence of a non-null signal of

b=, O (2.31)

Thus, from the practical viewpoint it is completely irrelevant whether
assumptions (2.24), which are arbitrary to some extent, are assigned with
respect to the a priori probabilities when the ideal observer criterion is
used, or whether the Neumann-Pearson criterion is used, which is also

based on an arbitrary false alarm probability. In both cases the division
of the received oscillations space is determined by systems of inequalities
of the form (2.20) and (2.30). We note that when there are specific data
concerning the a priori distribution and substantiated considerations
regarding the choice of value function, allowance must be made for them in
defining the decision making rule. -

2,4, Real Lines

We shall modify general optimality criterion (2.1) somewhat. We first
establish the following correspondence:

r= {16 9 p(sT9ds" = 5 (5 5) p(3js) - (2.32)

where f(s*,s) is an arbitrary function of s* and s, XU is the region in
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space X which is uniquely mapped onto the :egion‘c* of space S* by using
the operator of system (2.5). In order to prove (2.32) we partition the
region 0% into elementary regions with volume As*. We assume that 56 6 o%*,

We give each elementary region a corresponding ordinal number 1, 2,..., m.
In any elementary space, say the jth, the function f(s*,s)p(s*/s) can be
assumed constant and equal to f(s?,s)p(s*/s), where s? is an arbitrary

3

fixed value of the variable s* in the jth elementary region. Then

m-»00 \ j=)

P { Y16 956 s) AS’}- (2.33)

Designating Xj the region of space X corresponding to decision sg, and

keeping in mind that

P(5,/9) 85" = [ p(x/s)ax,
.

(2.34)
we obtain
maoo \ =1 X, )

The latter is transformed directly into the expression in the right part
of correspondence (2.32).

Based on (2.32) and (2.2),
(1 9seinds =1, 9 PE+{ 16 9 p@iie =
~ Se

so . : (2.36)
=16 peigaxt | 16 9 pixjs)dr=
Xe

x=x,

=§[(s’, s) p(x/s)dx. _
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Accordingly, criterion (2.1) can be represented in the form

p= j\dx'j‘dsr (s",‘ s);(s)p (x]s) = extremum. : (2.37)
X ~ ) o

S

We shall assume, as above, that the optimality criterion consists of
maximizing the quantity p. Then as the oscillations x arrive the
decision which must be made is si(si € 8#%), for which

j’r(s; , s);(s)A (s)ds = sup ”r(s’_, s);(s) A (s)ds}, (2.38)

LN . 5

where sup[¢(x,s*)] designates the greatest value of the function ¢(x,s*)
taken for a given x with respect to all possible s*.

The solution obtained for the problem of defining an optimal system
in terms of a criterion of the general form (2.1) can be written with
the help of system operator (2.5) in a fashion analogous to that used
for simplified lines:

S;:-;-S,: for XEX,, : (2.39)

where XX —— the set x (defined for every value of s§ from decision space

8* on which equation (2.38) is satisfied.

The attempt to use the general solution of problem (2.38) encounters the
same difficulties which were mentioned in the preceding section.
Accordingly, it is again necessary to employ special types of criteria
based on certain assumptions. A large number of more or less sensible
optimality criteria can be proposed for the detection process in a real
line. We shall limit ourselves to two criteria, which are continual
analogs of the Neumann-Pearson and ideal observer criteria. The physical
meaning of the criteria is retained, and by substituting (2.3) they are
transformed to the corresponding optimality criteria for a simplified line.
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The Neumann-Pearson criterion, which equipment developers consider to be
most applicable, can be defined in generalized form by the equation

p=AP (s:/soH— H S(s—s)p (é’/s)dsds‘ = max (2.40)
Sse - -
assuming that )
jp(XIs,)dx-—; I—F. (2.41)
X, S ‘

The nature. of the optimality of criterion (2.40) is that for a given
false alarm probability F the mean conditional probability density
of making a correct decision is maximized: s*=s '

—Sl;-s— S‘ Ip (S'/.S)]s,mdsv-: ;llaxf.
d ;

Based on the above proof, and keeping in mind that s*=g, (2.40) can be
transformed into

P =)J A,p(x/.so)dx-{- _[ P (x/s)‘dx‘=~ max 3 (2.42)

x=x, -

and the decision making rule formulated as follows. The decision s% is
. 0
made if for all s 6 S

(2.43)
A(S)<A., 2
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The critical level of the likelihood ratib.AO is selected such that the

probability that inequality (2.43) is satisfied assuming realization of
the event oh is exactly equal to the assigned value 1-F. :

The decision si that a signal with parameters S is present is made if

‘A (s)=A,,
A(s)=s[A (9] (2.44)

Analogously, we define the ideal observer criterion for a real line
P=PE)P (s [ [8(5° =) p(5) p °fs) dsds? =
5ge R

=] Pe)p (%/s,) dx +XL p(5) p(x]s) dx = max: (2.45)

The nature of the optimality of this criterion is that the mean (with
respect to the a priori distribution) probability of making a correct
decision is maximized. With a uniform a priori probability distribution
criterion (2.45) again leads to expressions of the type (2.43) and (2.44).

During the radar observation ptrocess the situation is often encountered
in which the signal (target) is detected reliably, and it is required only
to provide the most accurate possible estimate of the parameters of the

detected signal. Obviously, in this case it is best to use the estimate
for the minimum mean square error, which is designated § below, setting

r(s'..s)=(s’—s)’. H P(s;)=0. (2.46)

in (2.1).

In this case optimality criterion (2.1) takes on the form

A

= 5’=£ p(s)dssf.(S'— s) p(s*/s) ds*= min (2.47)

or

'P=6'=£P(x)4"gf(s—S')’p(SIX)ds=min{

(2.48)
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where p(s/x) is the conditional probability density for the set of
useful parameters s, which is called the a posteriori probability
function

p) p (s pls) P ALS) (2.4
p(s)x)=EEENE = Em e (2.49)

According to (2.48), when oscillation x arrives at the system input
a decision si must be made which satisfies the equation

é'(s —s, ) p(s/x) ds.—-=i'n.f [i Es—-s')’ p(s/x) ds]. | (2.56)

The number ig£[¢(x,s*)] indicates the smallest value of the function

¢(x,s%) taken for a given x with respect to all possible s*,

2.5. Discussion of Results and Definition of Object of Investigation

In all cases, regardless of whether a real or simplified line is
employed, and regardless of the optimality criterion selected, the
optimum receiver output can comsist of the likelihood coefficient A(s)
or any other function of the set of useful parameters Y(s) which are
mutually unique with respect to A(s). Furthermore, the circuit of
the optimum receiver is always defined by identifying the operations
required to form from the received oscillation x(t) an arbitrary
mutually unique likelihood coefficient function. In particular, we
can emphasize that the problems of designing a receiver for maximum
accuracy [criterion (2.47)] and for maximum detection reliability
[criteria (2.21), (2.27), (2.40) and (2.45)] are identical. We also
note that for simplified lines the output A(s) is sufficient, while
the necessary optimum output of the receiver is a discrete sequence
of values of A(s) for fixed values of the parameter S: S;,S,se.+5 Spye

The decision making rule in the decision device is defined for ‘the
selected receiver output, and depends upon a number of factors: the

type of line (simplified or real), the a priori probability distribution
p(s) and the optimality criterion selected. It can be stated that by
freeing the receiver to a substantial extent of the need for making
allowance for initial assumptions, we transfer all of the responsibility
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for their selection and consideration to the decision making rule in
the decision device.

The decision making rule for a real line consists of the following for
the cases of greatest practical interest [criteria (2.40) and (2.45)].
The critical level of the likelihood coefficient AO (or critical level

of the output Yo) is established., If the likelihood coefficient A(s)
in the working interval of S does not exceed_./\.O at any point, it is
decided that no signal is present. If A(s) exceeds_.AO on some set of
points, it is decided that a signal is present with parameters S

corresponding to the point with the highest value of the function A(s),
i.e., the maximum likelihood point. This decision making scheme

during the detection process can be called a threshold-type scheme,
since some function of the set of non-null decisions is compared with

a threshold (critical number).

When the general optimality criterion (2.1) is employed, the decision
making rule can also be reduced to a threshold scheme. In order to do
this, we must form the function X(s*) of the set of non-null decisions

“B(sY) .—_-5[;(5', s)— (s, 8)1 P (s) A (SYds +
+ P(s)) r(s’ s,)

(2.51)

-and define the critical number ZO
B, =P(s)r(s, s). - (2.52)

A decision is made that no signal is present when L(s%) < ZO on the

set of all non-null decisions. Otherwise it is decided that a signal is
present with parameters corresponding to the point Si at which the

function IZ(s*) reaches its greatest value,

If the cost of a miss for all signals is the same

rOs' § 74: so

Toos S=S8,,

r(s., s}:: {

b4




and the risk of all false alarms is the same

. . .
ry 8758,

[ ]
Fos 8 =8,

r(s’, sy ={
it is best to employ, instead of (2.51) and (2.52),

()= {Ir(s" 9 — o) () A (s) d5
) ) 4

and -

wE, = [ry—r ] P (5.

Simplified lines are a special case [with condition (2.3)] of real lines.
Therefore, the decision algorithm in simplified lines can be obtained
from the corresponding decisions for real lines by using (2.3).

Changes in specific operating conditions lead to changes in the a priori
probabilities P(so) and p(s), and may also be accompanied by change in the

risk function r(s*,s). Therefore, when the operating conditions change

the threshold level ZO must be changed, and perhaps certain other parameters

of the decision devices employed in automatic radars as well. TIn non-
automatic radars the information output by the receiver is passed

directly to a human observer, rather than to a decision computing device.
The operator makes independent allowance for specific operating conditions
(risk function and a priori probabilities) in accordance with his
experience and training. The study [16] cites a typical example of how

a ship's radar operator will approach the evaluation of the information he
receives differently depending upon whether the radar is operating on a
stormy night near the shore or on a clear day in the open ocean. It is
important for the radar designer that the definition of the optimum
receiver remain the same in this case as well. In other words, the
circuit of an optimum receiver does not depend only upon specific
operating conditions, but also upon whether the radar is automatic and
whether decisions are made by a human observer. '

. It is assumed in general below that the system incorporates a decision
device which operates on the basis of the generalized Neumann-Pearson
criterion, although this criterion is not the best one for all operating
conditions.

When the parameters of the detected signal are estimated on the basis of
the minimum mean square error criterion, the decision rule is to use as
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the estimate, as follows from (2.50), the "center of gravity" point of the

a posteriori probability function p(s/x) or the function p(s) A(s). For
this reason, the signal parameter estimates obtained for detection based

on the Neumann-Pearson and ideal observer criteria have the minimum possible
mean square error only when the maximum likelihood point coincides with the
"center of gravity" of the function p(s) A(s).

We have represented the radar observation process as an experiment whose -
outcome is random, which makes it necessary to choose between competing
hypotheses and to estimate certain parameters of the observed set of
random quantities x. The subject of our study will be optimal circuits
and those performance indicators of radar systems whose theoretically
limiting values are bounded by the statistical nature of the problem
resulting from the occurrence of interference. These performance
indicators include the threshold signal or threshold signal/noise ratio,
the accuracy with which the useful signal parameters are estimated and
the resolution.

The threshold signal/noise ratio is the minimum signal/noise ratio required
for the system to operate with the required reliability. The quantitative
measure of reliability is, in general, the mathematical expectation p of
the risk function r. When the Neumann-Pearson criterion is employed, this
measure is the maximized mean correct detection probability and a fixed

false alarm probability,

The accuracy with which useful signal parameters are estimated is measured
in terms of the mean square error or dispersion of the estimates.

Resolution is estimated by the dimensions of the region in the useful
parameter space S such that it is practically impossible to resolve two
signals with useful parameters belonging to that region.

Statistical interpretation of the radar observation process makes it
possible in principle to discuss and solve a broad group of problems

involved in radar theory. These problems include the following:

1. Optimum methods for processing received oscillations in receiver
(optimum receiver circuit).

2. Optimum decision making rule (optimum decision device circuit).

3. Quantitative estimate of potential capabilities of radar systems in
terms of basic performance indicators.

§

46




4, 1Influence of parasitic parameters on potential capabilities of
system and on optimum processing circuit.

5. Rational choice of radar signal form.

6. Influence on system performance indicators of deviations from
optimum of processing method and decision making rule.

The investigation below is limited to examining the most practically
important case -- that of reception against the background of

additive random interference. The analytical expressions for the
functions p(x/s) and A(s) which figure in the calculations are defined
as follows. ThHe probability density p(x/s,u) of the quantity X, assuming
that the signal 3(t,s,u) is input, is obviously the same as the
probability density of the interference p(n) if the value of the
interference n(t) is assumed to be

n()=x(0)—s(s, u). (2.53)

Thus, for the class of random interference whose probability distribution
is defined through (1.79),

N . ' ’
ch/s, u)=kexp {—--,;—.)'[xm —38(t s, u)]’dt}. (2.54)

where (tl’tZ) is an arbitrary interval which includes the time interval

on which the function 3(tj;s;u) is non-zero.

Analogously, assuming the realization of the event 09

. f .
p(X/s.)ékeXP\;,'—.fx'({)dt}-' ’ - (2.55)

1

and the likelihood coefficient A(s,u) for the set of useful s and
parasitic u parameters of the signal will be
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P(x/s4)
L, | (2.56)
+mjx(t)3(l, s, u)dt}.

L

| .
A s, u)=2004 ey {-»Ha*(t, s, 1) dt 4
1

The likelihood function p(x/s) and the likelihood coefficient A(s)
of the set of useful parameters are obtained by statistical averaging
of (2.54) and (2.56) with respect to all possible values of u

PO =[ p) p(xfs, w)du, (2.57)
A== r@ e uyan 2.58)

p(x/sy) -

We note that according to (2.58) it is completely impossible to relieve

the receiver of the need for allowing for a priori data, since formation

of the likelihood coefficient A(s) requires that the a priori distribution
of the parasitic parameters p(u) be available or given.

In order to simplify the investigation and establish separately the
influence of each of the factors on the radar observation process, we
shall begin our study with the simplest cases, and gradually make the
circuit more complex as we draw nearer to real operating conditioms.

Chapter 4. Estimation of Signal Parameters
4.1, Discussion of Problem and Methods for Solution

The problem of estimating signal parameters, which arises in radar as

well as related areas of electrical engineering —- radio navigation,

radio remote control, radio telemetry, among others -- is formulated

as follows. It is well known that the oscillation x(t) which arrives at
the input of a receiver consists of an additive mixture of interference
n(t) and signal s(t,s,u), the set of useful parameters of which s belongs
to the interval. S. Given, or defined by introducing certain assumptions,
are the a priori distribution functions of the useful and parasitic
parameters p(s) and p(u), as well as the probability density functional
p(n) of the interference n(t). The problem calls for defining the system
operator (processing circuit and decision making rule) which guarantees
the best (in terms of mean square) estimate, and calculating the numerical
characteristics of the parameter sampling accuracy -- the mean square errors.
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One more initial condition must be added to this general statement of
the problem for the case of sampling the parameters of radar signals.
The problem of the most accurate possible sample of the signal parameter
arises after the fact that a target is present has been registered
reliably. We can therefore assume that when the parameters are

sampled the signal is significantly stronger than the interference
(q2>>l), at least by enough for reliable target detection. We note

that there is no limit placed on the input signal/noise power ratio.

The latter condition is significant. The output Y(s) on the set of
possible decisions contains a large number of isolated maxima (spikes),
.one of which is caused by the signal-noise mixture, with the remaining
being caused by interference alone. If the signal energy is too low,
there is ambiguity in the detection and sampling -- any large interference
spikes on the interval S may be interpreted as a spike caused by a signal,
since the presence of a signal has been stipulated in advance. Under
these conditions, it is meaningless to solve the problem of radar signal
parameter estimation accuracy.

The problem of estimating signal parameters and the problem of signal
detection have a common statistical model, which was described in §2.1.
The difference between the estimation problem and the detection problem,
which also accompanies parameter estimation, consists of differences in
the risk function and in the initial assumptions with respect to the

a priori probabilities, which essentially reflects a difference in the
tactical content of both problems. The problem of parameter estimation

is usually associated with the target tracking process or with the process
of observing the trajectory of a detected target.

The second chapter examined the problem of parameter estimation in very
general features. The optimal system operator was defined, and analytical
formulas (2.47) and (2.48) for mean square errors were presented. If the
estimate of s* is obtained in expressions (2.47) and (2.48) by applying
the optimum operator, these expressions determine the theoretically
limiting or potential mean square errors.

The objective of the continued investigation in the present chapter is

a) to establish certain general regularities which occur in estimating

radar signal parameters; b) to analyze potential mean square errors;

¢) to define a method for constructing practical circuits for obtaining
best estimates. '

For definition we shall assume that the set of useful parameters s consists
of the two scalar parameters o and B ‘

"
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s=(a, ) and dfs:._—_'dadp‘. : (4.1)

Instead of the mathematical expectation of the square of the absolute
value of the error vector defined through (2.47) and (2.48) we shall,
in accordance with practical requirements, be examining the mean square
errors(G Y and (62) of the estimate of each of the scalar parameters

o and B. The optimum system must 31multaneously minimize the mean square
values of both of the error vector components a-o* and B-f* ( o* and
R* —— estimates of the parameters o and B), i.e., it must simultaneously
minimize <6;> and (Bé). When necessary, the discussions below can be

extended to sets of large numbers of useful parameters.

There are at least two possible different methods for calculating mean

square errors. The first method is based on re resentatlon (2.47), in

accordance with which the mean square errors (s ) and (6 Yy are defined
by the formulas

@) ={peds{ p(s5) (@ —apas,
(8 )= sf p(s)ds sf p(s’ls) (B —pB)ds". (4.2)

The structure of the set S* is the same as that of set S. The analysis
is done as follows. An ensemble of cases is examined in which the
received oscillation x(t) represents the sum of interference n(t) and
signal with fixed values of the useful parameters o and B or s. The
estimate s*=(0*,B*) obtained by applying some operator, not necessarily
optimum, is random. The conditional mean square errors are first defined

for a fixed value of s=(a,B)

B ={ e pEsds,
16 1= 6" — B p(/s) s,

(4.3)

after which averaging is done with respect to s
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(= POl 1es, 6 Y= p 618} d5 4.4

If for all s 6 S the errors [(S;]S and [6;]S are independent of s, then

@)=I81, (& )=I5], (4.5)

and there is no need to average in (4.4).

The result, of course, remains unchanged if, fixing both the useful
parameters s and the parasitic parameters u, we find

« ]su

8 = j. (a®— a)"’p (s°[s. 1) ds*,
St Lo
b w=), & — B p(ss, u)ds",

after which we average with respect to s and u.

The second method for analyzing mean square errors is based on
representation (2.48), according to which

@)={ pwax | (6 p(s/x)ds,
o | e 4.6)
@y=] pwax {—FY pl)ds.* (

An ensemble of cases is examined in which, regardless of the useful
parameters s = (0,8) of the "transmitted" signal, the input of the
receiving device receives the same oscillation s(t), so that the same
estimate s*=(a*, B *) is obtained. The conditional mean square errors
are first determined for fixed values of x and s*
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iai ), :::! (a -~ a’)* p (s/x) ds,

’ R (4.7)
15 )= J 6 — B p ()
after which we average with respect to x
()= JS PO ), dx, (8 ')=,5fp’(x) (821, dx. (4.8)
If the errors [Gé]x and [Gé]x are independent of x,
L E@y=(8] @)=, (4.9)

and it becomes unnecessary to average in (4.8). It was essentially this
statement for which Kotel'nikov [18] solved the problem for signals
containing one useful parameter and no parasitic parameters. This
analytical method is also employed in [8, 15], but without sufficient
foundation. The investigation below shall employ both methods for
calculating mean square errors. In practical calculations preference
will be given to the first method, which produces comparatively simple
analytical expressions.

In some studies [31] the calculation of limiting accuracy reduces to
calculating the dispersion of the effective estimates. Kramer [19]

presents a proof that when there is one scalar random parameter O the
mean square error in its estimate, corresponding to the quantity [6 ]

which we defined by means of (4.3), is bounded from below by the number

) .: 1 » ) .
6 Bf [+ 10 ptssa] ptuimax (4.10)

X
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It is assumed that the derivative figuring in formula (4.10) exists, and
that the estimate is unbiased, i.e.,

(@) =a, (4.11)

and that the error dispersion can be examined instead of the mean
square errors.

The estimate a* for which the dispersion reaches the smallest possible
value defined by the formula cited above is called the effective estimate.
An effective estimate exists [i.e. (4.10) as an equals sign] when and only
when these two conditions are satisfied:

a) p(x/a)=2¢(x) p(a‘[a), : (4.12)

where p(a*/a) is the distribution function of the estimates for a given
fixed value of a, ¢(x) is an arbitrary function of x;

6) =1l (p(a'/a):k(a'—a); (4.13)

where k is a coefficient independent of a*, but which may depend upon a.

When there is a large number of random parameters o, B,... there are
analogous, but more complicated, formulas for the dispersion of the
effective estimate and for the existence condition of effective estimates.
It follows from the very nature of conditions a) and b) that effective
estimates can be expected to exist only in certain special cases.
Therefore, when investigating an arbitrary system intended for sampling
random parameters, analysis of the dispersion of the effective

estimates by formulas analogous to (4.10) still do not provide the values
of the dispersion of the actual estimates, or even the theoretically
limiting dispersion of the estimates for the system in question.

The estimates (a*, B*) can be obtained through various methods which,

in the general case, yield different deviations from the theoretically
limiting estimates. The most important of the possible estimation methods
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is the maximum likelihood method, according to which the estimate
(ag, BS) is the point at which the a posteriori probability function

p(a, B/x) or, if the a posteriori distribution of p(a,B) can be assumed
uniform, the likelihood coefficient A(a,B), reaches its maximum value.

The estimation method formulated above coincides with the decision making

rule presented in §2.4., This method is important because in all cases in

which an effective estimate exists it can be obtained by the maximum

likelihood method [19]. Another advantage of the maximum likelihood

~ method over many others is the fact that the maximum likelihood point is
invariant with respect to arbitrary mutually unique transformation of

the output. This makes it easier to construct the processing circuit for

obtaining the maximum likelihood estimate.

4,2, General Principles of Parameter Estimation

In order to study some of the principles occurring in the estimation of
radar signal parameters, we shall employ a method for calculating mean
square errors in which an ensemble of cases with a fixed value of the
received oscillation x(t) is examined.

The a posteriori probability demsity for the useful parameters p(a,B/x)
is o

p(a, 3/3)%kxp(a. B)A(a, B) (4.14)

where p(a,B) and A(a,B) represent the a priori probability density and
likelihood coefficient for the useful parameters, and kx is the

proportionality coefficient, which in general depends upon the received
oscillation x(t). The numerical wvalue of the coefficient kx can be

found from the normalization conditions

: v,Up(ﬁ;'?IX)d'adﬂ=l. (4.15)

When estimating signal parameters under reliable detection conditions
we are interested in the behavior of the function p(a,B/x), and consequently
the function p(a,B), only in the vicinity of a powerful spike caused by the
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presence of a signal. We shall call this region the vicinity of the
estimate and designate it 0. Obviously, it can almost always be
assumed that the distribution of p(a,8) is near-uniform in the vicinity
of the estimate. Accordingly, we shall assume below

O P =k, D). 4.16)

When a priori information is available which can modify a posteriori
distribution (4.16) significantly, it must be allowed for by
substituting the basic expression (4.14) for (4.16).

A decision device based on studying the output Y(a,B), which is a
mutually unique function of the a posteriori distribution (4.16),
outputs in some fashion the estimate a*, B* obtained. The conditional
mean square errors for given values of x(t) and (a*, B*), according to
(4.7), are ‘

B ={§ 6~V p e x)dadp,”
o .17
(8 1= {§ Gg— ) p @, B/x)dost.

In examining expressions (4.17), we can reach some practical conclusions.
If the signal contains several random parameters, such as the parameter o
and others, the mean square error in the estimate of the parameter a is
independent of whether this parameter is estimated in conjunction with the
others, or if all of the other parameters are perceived by the system as
parasitic and information regarding them is destroyed during the processing
(by integration).

For every given value of x the minimum possible value of the errors [Gé]x
and [Gé]x, and consequently of the mean square errors, (4.8), is obtained

when the estimates of the parameters are the coordinates of the "center of
gravity" acg’ Bcg of the a posteriori distribution p(a,8/x). The latter,
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of course, is the same as the result obtained in the second chapter, if
we use as our basis the minimum mean square of the absolute value of the
- error vector.

The best estimate of the useful parameters, which has potential mean
square error, is thus the estimate with respect to the "center of gravity"
of the a posteriori distribution.

The estimate ag, 86 obtained by the maximum likelihood method, in the

general case, in contrast to the estimate ac is biased, and has

g’ Bcg’
mean square errors which exceed the potential values. The maximum
likelihood estimate is an unbiased best estimate only when the coordinates
of the center of gravity and the maximum likelihood points of the

a posteriori distribution of p(o,B/x) coincide

BT Bo=B,. (4.18)

The sufficient condition for ensuring equality (4.18) is the condition of
symmetry on the plane (a,B) of the lines of the level of function p(a,8/%)
with respect to the maximum likelihood point (ag, 83). This condition
can be written analytically as

P&+ g Bt B=plag—a, B —f/x. C way

In fact, when (4.19) is satisfied

. ilacg=£5ap(a, 'p/x)dadp;- o
. : a .b . a .‘I A a .'
=a,+ Jadi [ plog+a. B+ =a,.
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since the function

\pw-+mm+¢hww—jma ;p;;wgﬁg
b ’ : .

Sp@~a&+MMﬁ

]

is an even function of o. The symbols a and b define the intervals of
variation of the increments & and B of the parameters o and B, respectively.
The equality of 86 and Bcg is obtained analogously under condition (4.19)

If the a posteriori probability function p(n,B/x) in the vicinity of the
maximum likelihood estimate (as, Bs) is analytical, condition (4.19) means

that it can be represented as the series

(e =Y a; @~ %) =K
.o L (4.20)
- . (1+[__2n, 1, j, n=0,1, 2,...).

All of the coefficients a; . of series (4.20) for which the sum of the

3
powers i+j is an odd number are zero. Representation (4.20) follows

directly from the fact that according to (4.19)

p(a B/x) = -5 2 {p[a +(a_—a ) ﬁo +(ﬂ—ﬁo)/x]+

Pl B = G — ] - -

We note that in conditions (4.19) and (4.20) above, which are sufficient

for the maximum likelihood point to coincide with the center of gravity

of the distribution of p(c,8/x), the a posteriori probability function can
be replaced with any other function which is unique with respect to
p(a,B/x). These conditions, when necessary, can be extended to the case of
a large number of useful parameters. Further examination of the question of
the potential accuracy of sampling of signal parameters requires more
detailed study of the a posteriori probability function.
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Of greatest interest for the practical applications encountered below
is the case in which the signal contains, besides the useful parameters
o and B, two parasitic random parameters: the initial phase ¢ and
intensity €, i.e., when the received signals are of the form

es(t, a, B, 9)=eRe{S(, a, B)e"t?), (4.22)

We also assume that the interference has the nature of white noise, or
of a normal process with a very wide spectrum, so that the probability
density functional of the interference p(n) can be represented by means
Of (lo 79)0 i

The a posteriori probability function for all random parameters is

L A R

[§ -—00
.

+I'V£:_ S x(t)a(t,a, B, ?)dl], (4.23)
N P B o=k exp{""q' (@ B+
+a [ sO—gat 6 K. ot o B
| | (4.24)

+2_;_'.‘-.’.La(l. a s By ‘?;)a(t. a, [31 ‘{)df}.

where (as, 83, ¢6, Es) is the maximum likelihood point, found from the

system of equations:
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np B o elx)=| L=l o, By 71X

~00 .

L Xest ey B e dt=0;
tnple bou o= [ [xO— s &, B, 7] X

, (4.25)
Xt g, By 9)dt =0, |
inp@ boe o= [rO—gat 4. B % X
| Xg‘}a(t.,a;. Bo s 9 )dt=0, | |
Linp@ bow o= | sO— k2 5. By RIX

00

X 8(t agy Bys ) dE=0.

The second term in the braces in (4.24) can be omitted in the vicinity of
(ag, 88). This possibility is determined by two factors. First of all, the
function [x(t) - es 3(t, as, B%, ¢6)] represents interference with the
minimum possible energy for given x(t) superimposed on the signal.
Accordingly, the mean square value of the second term for any a and '8

does not exceed ¥2q, and under reliable detection conditions is
significantly smaller than the amplitude value of the third term near

(ocg,Bg)-
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Second, the second term in (4.24) and all of its first-order partial
derivatives at the point (as,’Bg, ¢3) are zero according to (4.25).

Furthermore, all of the higher-order partial derivatives with respect
to ¢ are zero as well, since '

dnfh ot

e 3 & B 9 =(—D"—53s(t a, B, 9);
. LR | (4.26)
(Il,'k=0, l, ‘2,...). -

Therefore, when the second term in (4.24) is expanded into a series
arranged by powers of (a—ag), (8—86), (¢—¢6) only those terms are

retained which contain the higher powers of the small parameters (a-aé)
and (8—63). Thus, the second term in (4.24) at the point (o, 63) is

equal to zero, and is very small in the vicinity of that point (the mean
square value is significantly smaller than v2q). Furthermore, it is
approximately the case that

p(a B e ip/x)=kxp_2_s_‘-_)exp [——:’.q'(a,‘ﬁ)_}.»

Qee; &2 5. ) . : (4.27)
+7 [ st 0 b 0ot 6. B qo;)_dt].
Elimination of the parasitic parameters yields
"pla B efx)=kp (o) exp[— ¢g* (o, B X
' L b - SR (4.28)
Xh[wf.ssma.msmawﬁd41}~
U pe Bix) = &2 [‘7’ @ B
i|fseamse s, a;>d:|].
i iad : (4.29)

60




where ¢ -- a certain function determined by the intensity distribution
p(e). For a Rayleigh distribution of the parameter €

- p(a, p/x)—?k‘.eXP {W—:_?F(TFT][ S St a ) X

—00

(4.30)

xsa,g,%)m”}.

Outside the region 0, which by definition is the vicinity of the estimate,
expressions (4.29) and (4.30), of course, cannot serve as an approximation
of the a posteriori distribution. However, under reliable detection
conditions the probability concentrated outside the region O under the
functions (4.28)-(4.30), and under the corresponding exact expressions

for the a posteriori probability function, is negligibly small. Therefore,
in order to calculate the mean square errors by formulas (4.17) with good
enough accuracy for practical applications, the coefficient kx can be defined

by substituting the expressions obtained for the function p(a,B/x) in the
vicinity of the estimate in normalization condition (4.15). The coefficient
kx is uniquely defined as a function of the estimate (ag, 88, 88). :

Our analysis establishes that the a posteriori probability function p(a,R/x),
or any other optimal output Y(o,B) in the vicinity of the estimate o
always has the same appearance, i.e., it is always some known function ¢

P B=2¢( B o, fy» =) . (4.31)

of the variables o, B and the estimates as

directly upon the received oscillation x(t). For signals with fixed
intensity the parameter Eg in the latter expression, of course, must be
omitted.

> BS, €, and does not depend

We conclude on the basis of (4.31) that in the general case the coordinates
of the "center of gravity" acg’ Bcg of the a posteriori distribution, which

are the estimates with the theoretically limiting mean square deviation,
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can be represented as certain known functions ¢l and ¢2 of the maximum

. . . % f% ok
likelihood point (ao, BO, 80}

acée- &S ae (an B a(; y p(;; ’(; )dadf = ¢, (a(.) ' p(; ':a(; ), |
ol R (4.32)
pcg=£_fp¢(a, B ags Byr o) dadB=,(a;, B, &)-

Therefore, in the general case obtaining an estimate which realizes the
potential capabilities of the system with respect to accuracy can be
reduced to obtaining the maximum likelihood estimate of ao, BO’ EO

Furthermore, both the useful parameters and the 1nten81ty parameters are
subject to estlmatlon

We note also that the dispersion of the estimates 0%, 88 is always the
same as the dispersion of the best estimates ucg’ Bcg’ since for every
given value of x(t) it is determined by the dispersion.of the a posteriori

distribution p(a,B/x).

In the overwhelming majority of cases with which we must deal when
sampling the parameters of radar signals, the absolute value of the

integral f S(t a, pLSU “+‘“vB‘FB)dt does not depend upon

the parameters o and B but is a function only of the increments & and g

1{seemse a i H-B)dt —2Q“I’(a B).  (4.33)

Assﬁming in the left part of the latter equality that one time 0=R=0, and
the second time o= -8, B= -B, and keeping in mind that under condition
(4.33) both substitutions should produce the same result, we obtain

W (a, f)=W(—a, '—‘p). o (4.38)
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Equality (4.19) which, in turn, leads to (4.20), will hold for a posteriori
probability functions (4.29) and (4.30). Thus, if the modulation function
S(t,a,B) of the received signal for (0,B)60 obeys condition (4.33), the
maximum likelihood estimate (0%, B%) is unbiased (coincides with the 'center

of gravity" cg’ Bcg) and directly yields the theoretically limiting
mean- square deviation from the true values of the measured parameters.

For cases in Whlch the signal exceeds the interference by a significantly
greater amount (q >>1) the errors (a*~a ) and (B*-B) in the sample of the

signal parameters are small, and regardless of whether or not condition
(4.53) is satisfied the optimum output Y(o,B) can be represented
approximately as the series

Y@ B=1np (e, B/x) =2+ 2. (@—a )+

_ +a..(ﬁ—9:,)' +a,|"(a_;d;)(p_p; ), (&, B)Es, (4.35)

which retains only the terms with low powers of the small parameters.
The coefficients of the series are independent of o and B and, under
condition (4.33), of ao* and BO* as well. The possibility of representing

the function 1n p(a,B/x) in the form (4.35), which is equivalent to
approximating the a posteriori probability function by a normal
distribution, guarantees the existence of an effective unbiased estimate
of the parameters of the received signal [19]. In other words, when the
errors are essentially small the maximum likelihood estimate is nearly
always an effective estimate.

Consequently, if condition (4.33) occurs or representation (4.35) can be
used, the estimates obtained during detection based on the generalized
Neumann-Pearson criterion or ideal observer criterion are the best
estimates, )

The conditional mean square errors [6;]X and [6§]x calculated for a fixed
value of x(t), according to (4.31), depend upon ag, 86, 26 in the general
case. Consequently, calculation of the mean square errors (6;) s (6;}

in the general case can be reduced to averaging [6;]x and [Gélx with respect

to ag, B%, € If condition (4.33) is satisfied, expression (4.31) for the

%
o
a posteriori probability becomes the following:

p(a ﬁ/x):p(e;, a._;.c;,;, ﬁ—-—p;). (4.36)
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The conditional mean square errors [d;]x and [Gé]x of the best estimate

depend only upon the parameter 86. Accordingly,

-

@D=gmhpﬁn%.ﬁ>=fﬁhp@)m; O (4.37)
0 . 0

and only for condition (4.33) and a fixed intensity of the received
signals does equality (4.9) occur

@D=mwab=wu

Finally, an important conclusion which follows directly from
representation (4.31) is that the obtaining of an estimate is not
necessarily accompanied by reproduction of the output Y(a,B) for all
values of o and B in region 0. Fundamentally, if the output is defined
in the region 0 at three points, such as (al, Bl)"(QZ’BZ) and (a3, 83),

the solution of the system of equations

?(‘f‘n“pu a;; p;-' ';)::Y(“u.'px)»
?(ay pn .'a(.l" ﬁ; ’ e; )=Y (a,, B,) (4.38)
¢ (@0 By a3, Byo &)=Y (a5 B))

makes it possible to find the estimate a;*, BO* and, when necessary, the
pafameter eo*. When obtaining estimates by solving a system of

equations here and below we assume, in accordance with real operating
conditions, that the intensity of the received signal is a parasitic
random parameter. Other quantities, such as the derivatives of the
output, can be employed instead of the output in system (4.38). 1t is
necessary only that for random intensity, which is perceived as a
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parasitic parameter, the number of equations exceed by one the number of
measured parameters and that the system have a unique solution in the
vicinity of the estimate.

The investigation could have been done in more general form without
specifying the physical nature of the parasitic parameters. However,
the practical applications of the theory which are encountered below do
not require this. In addition, this would have complicated the
investigation significantly.

4,3. Analysis of Dispersion of Estimates Obtained by Maximum
Likelihood Method

The preceding section indicated that the maximum likelihood estimate has
theoretically limiting (potential) dispersion. There is no bias in

the maximum likelihood estimate, since condition (4.33) is usually
satisfied, or representation (4.35) can be used. However, even when the
estimate is biased, allowance can be made for this during sampling.
Therefore, the potential capabilities of the system in terms of

accuracy can be determined by the scattering or dispersion of the
estimates (ao*, BO*) obtained by the maximum likelihood method.

Our next problem, accofdingly, is to obtain more or less simple
analytical expressions for the dispersion of the maximum likelihood
estimates (ag, Bs). It is best to use the analytical method which

examines an ensemble of received oscillations x(t) with fixed signal
parameter value.

It should be noted that dispersion is not the only possible scattering
characteristic of a random quantity. It is often convenient to use a
different characteristic. In the case of a unidimensional random

quantity as the concentration or scattering can be characterized by the

scattering interval (a0+V§3a , aO-Vgsa)' If we replace the true
distribution a6 by a uniform distribution over the scattering interval,
the value of the first and second moment of the distribution remains the
same. Analogously, in case of a two dimensional random quantity (as, 86),

its concentration about the "center of gravity" of s Bo'is

characterized by the scattering ellipse

v [(a;——a.')' o O "5_")’\-'?“4.. (4.39)

I
I—¢ ‘§3 3.5 R
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where p is the correlation coefficient

P=3a," e (4.40)

and 6;, 6;, 6;8 are the second central moments,

L R=(m ey =B (4.41)

6:5::‘ ((a(.) - ao) (p(.) - pa))'. . (4.42)

If we replace the distribution of the random quantity (as, 68) by a

uniform distribution in the area bounded by the scattering ellipse, the
value of the first and second moments of the distribution remain
unchanged. Obviously, assignment of the matrix of -second moments
defines the scattering ellipse, and conversely. It is therefore
desirable to have analytical formulas for the dispersions 6;, Sé.as

well as for the second mixed central moment S;B.

We first assume that there is only one useful parameter o. Then,
according to the above definition of the ensemble x(t), it should be
assumed that

x(t)=n()+e3(t,3,9,), 4.43)

where ao, ¢ are fixed values of the signal parameters. The

0’ %o
a posteriori probability function, or its equivalent in the sense of
information, the output Y(a), is random in this case and can be

represented as the sum of the mathematical expectation and a random

function with null mean

Y@= @)@  Gh.08)




Here and below the superscript zZero indicates deviation of the function
from the mathematical expectation

Y*(a)=Y (@)— (Y (@)). (4.45)

In accordance with the maximum likelihood method the estimate as is found
from the equation

@)+ 1 (@)=0. (4.46)

In (4.46) the conveﬁtional notation for the derivatives has the usual
meaning

@ re=re=[Lra]_,

a=u,

and replacement of the argument aX* with o* in the random quantity

0
é% Yo(a) is justified by the practical equality of the statistical
characteristics of the random process Yo(a) at points o* and o, which

0 0
are close together. In addition, the process Yo(a) can be assumed
stationary in all of the practical applications examined below.

Equation (4.46) makes it possible in principle to represent the
estimate a%*, which is random in nature, as a function of fixed values

of the parameters Ays € and the random quantity-é%-Yo(ao) with known

statistical characteristics, after which the dispersion of the estimate
as can be found. ‘ ‘ ‘
In the case of very strong signals the error of the optimal system (as—ao)

can be assumed small, and its mathematical expectation can be assumed to
be zero. In this case likelihood equation (4.46) takes on the form
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(O —a) (Y @)+ £V (a) =0, (4.47)

after which we obtain this expression for the potential dispersion of
the estimates®

= —oy-{LE])

ldi(y(“o)) J' 3 (4.48)

When there are two useful parameters a and B it is assumed analogously
that the received oscillation contains a signal with fixed parameters
Ay BO’ €02 ¢O. The maximally reliable estimate (ug, 83) is found from

the optimum output Y(a,B) by solving the system of likelihood equations

6%<Y (a(: ’ ﬁ(: ))+'a%' Yo(aotpo)= 0,

e (4.49)
o (V@ B )35 V(@) =0,

The solution of system (4.49) makes it possible in principle to find

expressions for the estimates as and Bs in the form of a function of the
21%0, B,), %"

o 0’ "0"’ 98B

the parameters uo, BO, EO’ after which the scattering characteristics

random quantities (uo, BO) and the true values of

of the two dimensional random quantity can be determined.

*
Here and below the second central moments of the estimate for fixed
values of the signal parameters are designated by the symbols 62 B’ 628
w1thout the subscript su.
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In the case of very strong signals, system of equations (4.49) can be
written approximately as follows:

(6 — ) 2V (80 B BB g Y (0 BN 5 @B =0,

(6 — ) ¥ (o) S Y (oo 5y o B)=0: (4.50)

We then obtain in explicit form the following expressions for the deviation
of the estimates:

-

o ) o o
'a_ﬁl Y (“o-po))'a; Y%a,.8,) ““m—p' (Y (a0:84)) ’a—@' Y¥a,.8,)

(a; ';'“o)= i 91 1 )
2t (Y (o8 355 (Y o ) [ 37 ¥ @ 1 ]
(4.51)
) . ot 0 ot i}
(ﬁ; _ ﬁo) _ Jat (Y (aq, Bo))'é_p"y. (20 Be) “'m(y (a5, Bo)) '—d_a'y'("cvﬁo)

02 a1 2 °
325 ¥ o ) 35 €V o) — [ g ot |

In nearly all calculations of the potential accuracy of the signal parameter
estimate presented below, the optimum output Y(a,B) for a signal with fixed
parameters O, BO’ €9 ¢O, in the vicinity of the estimate ag, Bs can be

represented in the form

Y (@, B) = £,a™¥ (a — a,, B — B,) - ad (@, ), (4.52)

where the function ¥(a,8) is determined by means of (4.33), with a some
number, and 6(c,B) a normal and normalized random process such that

(0 (al'pl)o (azvp:))=‘p‘ (al— ®a Bl —pﬂ) (4.53)

69



The following relationships followed directly from (4.53):

(#ren)-—(veal =von as
(reml)={fren zonos o
aaﬂ(aﬂ) 0(aﬁ)> = 5y V(aﬁ)] =—wi00. (4.56)

By substituting (4.52) and (4.54)-(4.56) in (4.51), after averaging
we obtain these comparatively simple analytical formulas

: 2 __ g0 —

. 6cl"—((a'.o o)’) 32 ,,q;"(oo)l l—r" (4.57)
5 PR |
=== g (4.58)

. ’ . ' 1 . ' N o v

6:p= ((ag —a) By — Bo)) = eZaW7(0, 0) [—rt? -
. : T (4.59)

where

o lEOOp S (4.60)

o, 0w (0.0)°

Analogously, when there is a single useful parameter o the optimum output
can be represented as

Y (a) =,0" (a —a,) -ad (o) (4.61)

and analytical expression (4.48) can be transformed as follows:

;82= '-_—a)’:____‘_____ oy
“ ..«% °‘>. oz (o) * (4.62)
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When receiving signals with known intensity the parameter €, in all of the
formulas should be set equal to 1.

The mean values<f6;),(6§) and.(GéB) of the obtained scattering characteristics

6;,.6;, and.S;B
respect to all’possible values of the signal parameters %> BO, €y ¢0.

are determined by statistical averaging of the latter with

When the optimum output Y(a,B) can be represented in form (4.52), the
characteristics Gé, 6;, G;B’ like the characteristics [6;]X, [6é]x depend

only upon the intensity parameter when condition (4.33) is satisfied.
Furthermore,

82 ~(# (e)de,, (8 — (8t poyer
{¢.) S;.p( ) " (%) &%P(»)" ' (4.63)

[>:]

o= Epeae

with an output with the form (4.52) and known intensity of the received
signals, when p(e)=6(e-1), equality (4.5) holds

B y=tl (@) =8, @2y=t%,

The method presented in this section for analyzing the error dispersion
can also be-used when the output Y(a,B) is non-optimal. This capability
will be utilized in Chapter 8. :

4.4. Method for Constructing Optimal Circuits for Obtaining Estimate
and Error Signal

A direct method for obtaining the best estimate is to form the optimum
output and find its highest point. In many cases, especially when the
output is a function of several useful parameters, this method for

obtaining the estimate encounters practical difficulties. It is desirable,
using some of the useful parameters, such as the parameter 0, to obtain an
estimate which is as close as possible to the best estimate without forming
and reproducing the output for all values of the parameter o in the interval
(a®-am’ o +am) of the possible values of that parameter. It is assumed that

®

the fact of the occurrence of a signal with parameter & belonging to the
aforementioned interval is established reliably and is not subject to

doubt, and that a¢ is the position of some fixed point of the system (the

temporal location of the gating pulses, the angular position of the axis of
the antenna system, etc.).
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An analogous situation occurs for the error signal, whose derivation is
a rougher result of radar observation than the obtaining of a parameter
estimate. The error signal d is usually defined as a number which must
be proportional to the deviation of the fixing point o, from 09 == the

®
true value of the parameter o. When the reception is done against the
background of interference, the true value of .the parameter cannot be
found nor, accordingly, can the deviation from that value be determined.
The potential capabilities of the system are exhausted by the capability
of forming an error signal d which is proportional to the deviation of the
fixing point o, from the best estimate, in the capacity of which can

®
serve the maximum likelihood estimate as
d=k(a,—a, ) (4.64)

We shall assume that the proportionality coefficient k in (4.64) is a
positive random quantity. If the number k is known a priori, obtaining
the error signal is obviously a problem which is identical to the problem
of obtaining the estimate.

We note that in the general case the error signal on the interval (a¢—am,

a +am) can be expressed through an arbitrary monotonic function ¢ of the

(4]

deviation o,-o%

¢ 0

d=glb(e,—a))} - (4.65)

Assumption (4.64) instead of (4.65) causes no loss in generality, since
the error signal d can be obtained from d by employing the appropriate
one-to-one transformation.

The present section presents an analytical method for defining optimal

schemes for obtaining the estimate and error signal based on employing
and solving a system of equations of the type (4.38).
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We shall assume that the signal contains two useful parameters and B.
The optimum output Y(a,B), as follows from (4.29) and (4.33), can be
represented as the series (4.20)

Y (a, ) =E§‘ { SEapStay. by )dt|= (4.66)
=e %:a,, (@—a Y(B—B, Vs (JHi=2n;1,],n=0,1,2,...),
where
1 aH-l p P . a0
allzm [aa‘op’ —LS(L“' IS (¢, a, 'Bo)dt ].-_-.5 (4.67)
p=fo

The use of assumption (4.33) simplifies the jllustration of the method,
but is not obligatory.

We shall assume further that the estimate 83 is obtained in some way,

and that it is required to find the best estimate of the parameter O

without forming an output for all values of that parameter. In accordance
with the above, one method for obtaining the best estimate of one parameter
is to solve a system of two equations. The choice of the system of equations
for obtaining the estimate can be made in various ways. We shall limit
ourselves to the class of equations in which one of the equations defines

the error signal (i.e., expresses the error as a function of the estimate),
and the other makes it possible to define or exclude the unknown coefficient
from the first equation. For example, we can use the following as our

system of equations: : »
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i.e., formation of the optimum error signal consists of multiplying the
received oscillation x(t) by the function sé(t,aé) and integrating the

product obtained. In order to form the estimate it is necessary to form
a second number § or compose a second equation

§ x@s(ta)de (4.71)

-—00

D= Y:(a ») =

by performing analogous operations with the function 3&(t,a¢).

The problem of determining an optimum scheme, as well as the problem of
composing a system of equations for obtaining the estimate, does not have
a single solution. Another possibility for obtaining the optimum error
signal and best estimate is, for example, to form two values of the output
Y(a¢+A,BS) and Y(aQ—A,Bg) for the points a¢+A,63 and a¢—A,66 offset

symmetrically with respect to the fixing point. The optimum error signal
is then obtained by composing the difference ’

4=V, +8.8)—Y (@,~AB)= 287, (a,, ), (4.72)

while an additional equation for obtaining the estimate can be the sum

D=Y (a,+8,8;)+V (@, —4,5). (4.73)

Keeping (4.66) in mind, we obtain approximately

R P ) e & o
‘f b Y(a,+ A B +Y (a,— A, Bg)  2hay, (4.74)

Consequently, this method for designing optimal systems for obtaining the
signal parameter estimate consists of the following. Based on representing
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the optimum output as a function of the maximum likelihood estimate
(4.27)-(4.39) a system of equations is composed whose solution is the
estimate. The number of equations n must exceed the number of measured
parameters by one. When obtaining the estimate of one parameter, the
error signal as a function of the estimate can be employed as one of the
equations. Then, returning to the representation of the optimum output
as a function of the received oscillation x(t), the equations constructed
are modeled with the help of an electrical circuit. The circuit forms

n numbers, which define the value of the free terms in the system of
equations and, consequently, its solution. The numbers formed by the
circuit are input to the decision device. The algorithm for obtaining
the estimate in the decision device is determined directly by the system
of equations selected, and may be very simple, especially if the errors
are small and representation (4.35) can be used. Practical examples of
the application of this method for constructing optimum circuits for
obtaining estimates and optimum error signal formation circuits will be
presented during the investigation of direction finding systems.

4.5. Potential Sampling Accuracy of Range Coordinate from Stationary
Targets ~ ‘

As our first application of the theory of radar signal parameter estimates
we shall calculate the potential accuracy of sampling the delay of a
signal reflected from a stationary target. The only useful parameter is
the delay time T. The modulation function S(t-T) in this case satisfies
condition (4.33). We shall assume at the outset that the parasitic random
parameters ¢ and € are absent. Then the optimum output

Y(t)_-:_:_. S,x(l)a(l——z)dl

—-00

(4.75)

is the high frequency function with slowly varying envelope LIY(T)].
Determination of the maximum point of function Y(T) by solving the
likelihood equation

Y'(w)'—'-‘O; (‘1.'_'<""<"0+'). | (4.76)

yieldSHAh'ambiguous result because of the high frequency carrier. The
region (To—e, To+e) in this case designates the vicinity of the point TO -

the true delay time of the reflected signal. Conversely, we can assume for
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the envelope of the output L[Y(7T)] that in the region (TO—E, TO+€) the

probability of the occurrence of more than one maximum is near zero. For
this reason, we shall initially seek the maximum point of the function
Y(t) from the envelope of L[Y(T)], i.e., from the equation

4 LI @1=0, (s, —e <5< 5ol 4.77)

after which it will be possible to answer the question as to whether
the high frequency carrier can be utilized.

Assuming that

x(t)=n(t)+s(t—=,) (4.78)

the expression for the envelope of L[Y(7T)], assuming that the signal is
significantly stronger than the interference, can be reduced to the form
of (4.61) on the basis of (1.98)

Ly ()] = 2°W (v —,) /b ()=
z?q’[l———;-133(':—':0)’]—'—/2]0(':)1,_ (4.79)

where ¥(t1) is the correlation function of the modulation, BT is a parameter

which determines the signal spectrum width by means of formula (1.23), and
8(T) is a normal random process with correlation function

(0(5) 0 (2)) =T (r, — ). | (4.80)

The solution of likelihood equation (4.77) is determined by formula (4.62)

!

-2—‘]-;?-'2— (4.81)

83 =((1(; - ‘o)z) =

or
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N,

S ISyt
—00

'52

i

(4.82)

Formula (4.81) was derived by Woodward [8] by calculatlng the dispersion of
the averaged a posteriori distribution.

If the mean square error 61 is significanfly smaller than the period of the

high frequency oscillations of the signal

L1 (4.83)
V2_qpt < ! ‘

knowledge of the envelope estimate makes it possible to reduce the extent
of the vicinity of the point TO in initial equation (4.76) enough to

eliminate the ambiguity in the solution. In this case, solving initial
equation (4.76) under condition (4.78) yields

3 ___ 1
b= o (484

Consequently, if condition (4.83) is satisfied, i.e., if the modulation
principle and power ratio q2 are such that the envelope coordinate sample

eliminates the ambiguity, the hlgh frequency carrier of the signal can be
used to sample the range. The potential sampling accuracy is then
expressed by formula (4.84). Condition (4.83) can be satisfied for
certain radio navigation and remote control systems. The reverse
inequality

1 1

ST (4.85)

holds for radar systems, and the potential range sampling accuracy is
determined by formula (4.81) or (4.82).
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Thus, even if the initial phase of the received signals is not a
statistically independent random parameter, and contains useful
information, this information cannot be used in real radar lines to.
increase the accuracy of the range coordinate sampling, or to increase
detection reliability. Therefore, we shall assume everywhere below

that the initial phase of the received signals is a random quantity
which is distributed uniformly over the interval 0, 2m. This assumption
also corresponds to actual operating conditions of radar systems.

The potential range coordinate sampling accuracy in radar systems, as
follows from the above formulas, depends in the final analysis only
upon the spectral intensity of the interference n, and the total "energy"

0
jLS'U)Pdh contained in the derivative of the complex envelope
~00

of the signal. The accuracy is determined by the parameter BT when the

signal/noise ratio is given. Therefore, in contrast to the threshold
ratio, range coordinate sampling accuracy depends significantly upon the
form of the signals and is the higher, the wider the modulation spectrum
and the more of the modulating signal energy is concentrated in the region
of high modulation frequencies.,

We can pose the problem of determining the form of the signal which
provides the highest sampling accuracy for the parameter T for a given
signal/noise power ratio q2 and assuming that the signal spectrum stays
practically within the band (fO—Fm, f0+Fm). Such a signal is

3(t)=1(t, T)S, cos 2aF, t cos 2af ¢, (4.86)

since its spectrum approximates the form 6(f—f6+Fm)+6(f-fO—Fm) and has the

maximum possible ''dispersion" (ZTrFm)2 with respect to f=fo.

However, no matter how high the frequencies Fm function (4.86) is not
suitable for use in the capacity of radar signals.
Some limitation of the area of application of formula (4.81) must also

be emphasized. This formula is valid only for signals above the
threshold. As the parameter BT increases the threshold increases slowly,

but monotonically. - Therefore, for a given interference level NO it is

not possible to increase the sampling accuracy without limit by changing
the form of the signal without changing its power. Sampling accuracy can
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be increased in this way only as long as the reliable detection condition
q%zqihr is retained. 1In addition, formulas (4.81) and (4.82) are based
on representation (1.24) and, consequently, are valid only for those
signals and those intervals T for which the approximate equality

¥ () | — 5 et

holds.

This representation is not applicable, for example, to the frequently
employed idealization of the envelope of valid signals in the form of
square pulses with correlation function

I ——%1L |:|<:=":f
\lf — " .
TE=1,, [+|>x,, (4.87)

In this case, using formula (4.17) for the mean square errors and

representation (4.28), assuming €=€6=1, we obtain

i
N o 2
S'x' exp ('— ?;1) dx
it
At o e : B
*u
2q2x
Sexp(*--;r)dx (4.88)
o .
or . '?l — ﬂ

s 2¢* S(‘) ’

where S0 is the amplitude of the input signal pulse. According to the

above, for the signals in question the dispersion (4.88), like the
dispersion (4.81), is the same as the averaged dispersion of the estimates

<a§>.




The potential sampling accuracy for square pulsed signals depends only
upon the spectral intensity of the interference and the signal amplitude,
but not upon the pulse duration. Expression (4.88) can be viewed as the
limit which the potential sampling accuracy approaches as the slope of
the leading edge of the signal pulses increases without limit.

In order to obtain the final .expressions for the sampling accuracy of the
range coordinate of stationary targets, we must also allow for the
occurrence of two parasitic parameters in the received signal: the random
initial phase ¢ and the random intensity €. 1In this case, the optimal
output Y(T) can be the envelope of oscillation (4.75). Assuming

x(t)=n(t)+Ae°3(t_,M.(P) (4.89)

and performing transformations analogous to those which lead to (4.79),
we obtain

Y () =¢,29*¥ (v— =) /298 (%) (4.90)
and
RN B (4.91)
Ty

As might be expected, in accordance with the conclusions above the
occurrence of the random initial phase of the received signal does not
increase the dispersion of the samples of the range coordinate.

As regards the influence of random intensity, comparison of formulas
(4.91) and (4.81) permits the conclusion that the potential dispersion of
the samples does not depend upon whether or not the intensitg of the
received signal is known, but rather upon the intensity EOZQ of the
signal which is actually received.

The averaged potential dispersion of the errors(’Gz) is obtained
theoretically by statistically averaging with respect to the parameter
60 the dispersion 6; obtained assuming that the parameter € is fixed.

However, averaging cannot be done directly with respect to all possible
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values of €5 of the obtained quantity (4.91), since all of our formulas

as based on the assumption that reliable detection occurs, and are
consequeritly valid only for sufficiently large €5 In addition, formula

(4.91) has a perfectly clear physical meaning —- it represents the
potential accuracy for received signal energy of EOZQZ, regardless of

whether or not the intensity of the received signal is known while the
estimate is being obtained. This formula provides a sufficiently good
characterization of the potential capabilities of the system. Therefore,
we shall not concern ourselves here and below with seeking intelligent
methods of averaging the expressions for the dispersion of the estimates
of various parameters with respect to €y°

During reception against a background of random interference with
spectral intensity depending upon frequency (normal correlated interference),
the analytical expression for potential accuracy (4.91) takes on the form

b’ N' ' .

= . (4.92
’ 2Q§xap$ sxn'g . )
. *
The parameters Q;KB and Bist were defined in § 3.10. N0 is the spectral

intensity of the interference at carrier frequency fO'

Chapter 7. Azimuth Scanning and Target Direction Finding
7.1. Azimuth Scanning by Flat Rotation of Directivity Pattern

It has been assumed up to now that the scanning has been done in one
fixed direction. We shall now assume that scamming is also done by

angular coordinate 6 within some arbitrary sector (emin, emax)’ which we
shall assume for definition to be equal to (O,Gm). We shall begin by

studying the basic scanning method -- that of flat rotation (or rocking) of
the pattern of the antenna system within the working sector (O, Bm).

The (voltage) directivity patterns of the transmitting and receiving antennas
will be assumed to be real functions of 6 and will be designated YI(G) and

YII(G). The direction of maximum gain of both antennas corresponds to the

angle 0=0.

*[Chapter 3 not included in this translation. Tr.]
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The objective of the investigation is to obtain analytical formulas for
the threshold signal and for the potential accuracy of the estimate of the
angular coordinate, which is sampled jointly with the range coordinate.

In order to do this, we must write the analytical expression for the
optimum output and study its statistical characteristics in the vicinity
of the estimate (in the region of high correlation) in a manner analogous
to that employed in Chapter 5 for signals containing the two useful
parameters T and ®. The problem of determining the optimum azimuth search
mode is not dealt with. It is assumed that the trials are made at fixed
intervals (the signal has fixed duration). It is assumed accordingly that
the angular scanning rate or rotation rate of the directivity pattern is a
constant quantity equal to w deg/sec, and that wt is the current angle of
revolution (angular position) of the pattern. We shall examine a single
scan cycle, so that the angular position of the target

D=ut,, (7.1)

where tA is the instant in time or the time offset corresponding to

rotation of the antenna system through an angle equal to the angular
coordinate of the target. Then the function

3(t) i f [w (t,g_‘ )

represents the signal emitted in the direction 8, and the received
signal which is reflected from the target and whose coordinates and
velocity correspond to the parameters T, tA and ¢, will be expressed
by the function .

e (t, 47— 0], [0 (tA—t)]3(f'f—t, 9, ). (7.2)

In writing (7.2) it is assumed in accordance with the actual operating
conditions of radar systems that the target irradiation time in each space
scanning cycle does not exceed the coherence integral, and that the
fluctuation in the scanning rate w caused by movement of the target is

negligibly small.
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In theoretical studies it is convenient to approximate the directivity
pattern of radar antennas by the bell-shaped function

1,(0)-— __exp( 2ln2 .

Tu (M 1=i7== “1“2'—“) (7.3)

/\

Here AI and AII are the respective pattern widths of the transmitting

and receiving antennas taken at the half-power level, and k is the
proportionality coefficient.

Then the generalized directivity pattern of the transmitting and
receiving antennas also represents a bell-shaped function

v.[éna e Olrlolt,—t)=
/_ exp [ 21n2 —A%%)'-;,;-J exp X

[t 1| i 1]

w'(47 4 A}) ' : (7.4)
x| g ‘—')] |

with pattern width

AA,

. (7.5
VA|2+A¥1 )
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which corresponds to an effective signal duration of

i n-Az

=§ m2 o

T (7.6)

The occurrence of a time offset between reception and transmission
results in an offset of

A%
=

-—-m“ (7.7)

between the moment at which the maximum of the pattern is directed
toward the target and the moment corresponding to the maximum
amplitude of the received signal, as well as a reduction in the
resultant gain of the antenna system, which is expressed by the first
exponential factor in (7.4).

In order to make it easier to write subsequent formulas, we shall assume
that the time offset vT in (7.4) is small and can be disregarded. Then
the reflected signal takes on the form

es{l—1, 9, @, B) =19y [;n (¢t,—N Re[ S(t — <) e/(f-r.«..x)-motm} ’ (7.8)

where Y(B) is the generalized directivity pattern of the transmitting
and receiving antennas. The simplification in writing (7.8) which
comes about by disregarding the quantity VT is acceptable in most
cases. In the more general case the time offset VT can be included in
the parameter tA’ which again leads to (7.8).

The reflected signal is structurally the same as the signals studied in
the preceding chapters, except for the fact that the time position of the
function Yy, which plays the role of cutoff function, depends upon the
azimuth of the target. For this reason, further analysis duplicates to a
significant extent the analysis presented in Chapters 5 and 6. We limit
ourselves here to reproducing the order of the calculation, dealing in
detail only with singular features associated with the occurrence of the
additional random parameters -— the delay time of the cutoff function.
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The signal or modulating function S(t) figuring in (7.8) can be any of

the radar signals examined above, including the sum of some number of
incoherent elementary signals. If S(t) is a coherent or incoherent sequence
of periodically repeating signals STM (t), the modulating function in

(7.8) will appear as

A

SO= Y 8,(t—iT,—ge, (7.9)

| =—00

where £ is a quantity uniformly distributed over the interval !El < O.STM

and which allows for the absence of synchronization between the rotation of
the directivity pattern and the modulation. However, £ is a parameter of
the emitted signal which can be allowed for exactly during the processing,
and therefore must be viewed as a known non-random parameter. In addition,
for coherent signals all of the ¢k in (7.9) must be assumed to be equal
non-random quantities.,

The likelihood coefficient for the parameters T,0 and ¢, which determines
the potential capabilities of the system and the optimum processing circuit,
is expressed by the same formulas which were derived in our examination of
spatial scanning in one fixed direction. The only difference is that the
function Y which figures in the formulas for the likelihood coefficient
presented in Chapters 5 and 6 are now in the general case functions of

three parameters and have the following appearance:

-~ for coherent processing [formula (5.12)]

Y 0, ®)_=L{N—2.-‘Sx(f)ﬂw(t,.——t)la(l'—m ¢, d’)dt} (7.10)

-0

and for incoherent processing of a small number of répetitions [formulas
(6.11) and (6.15)]

Y(n 0, #)=YInl ()=
o -t o (7.11)
=YL {;.- S x(t)( [o(t ,—1)3y (t — 5 — kT, 9, ©) dt}.
] i

—00
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We shall assume below that a fixed signal with parameters Tye eo(wt 0),

A
% €00 %
(7.11) can be represented in a form analogous to (5.26)

is input to the receiver. Then the outputs (7.10) and

- 12g%, | (v — 5, B —ly, D—B)|+-N_(s, 0, ©)

: . (7.12)
’ — within high correlation region,
Y(z, 0, d)=
. e )=1 Lin, (=, 0, @, ¢)]
{— outside high corralation region,
where ch (t,6,%) and nl(T,0,¢,¢) are random processes for which
(7.13)
(N (3 0, @)N (s 0, ©,))=
= 2‘]’ I‘F (3 — % 01 - 0:' "Dx - (Da)h
- {n (50 0 Q)0 (7, 0, ‘1’”‘%)):
= (=% 00— O O, — ,)| cos [2xf, (v, — =,) -
+x (5 — 3, O —D,, 0:"'0:)""‘?1—?:]:
. (7.14)

and |T(T,6,®)| and x(1,0,%) are the absolute value and argument of the
joint (for the parameters T,8,0) complex correlation modulation function
¥(1,9,%). We shall provide the analytical expressions of the joint
modulation correlation function |¥(7,8,0)| entering into (7.12) for the

most interesting practical cases.

In the case of a coherent system for processing the received oscillations

M (, 0, D) =§?l2—,l$'{(wt)1(wt— 6) S(t) SE— e dt |, (7.15)
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The signal S(t) in (7.15), as a rule, can be represented as the sum of
harmonic' components. For example, when Doppler signals are used

S (t) =S, cos 2nFt = 2Lso'elwf+% S, e/ Ft (7.16)

and direct substitution of (7.16) in (7.15) yields

|¥ (s, 0, ®)|==]|cos 2xFs||¥ (0, @)
C b gI® 0, @—2F)| 5 ¥ 0, O42F). (7.17)

Here and below wy(e,@) is determined by the formula

-

oo
§ vl 1 (ot — 6y oty

WD, @)= = (7.18)

o0

{ vt (aryae

and is the joint correlation function with respect to the parameters
® and ® of the directivity pattern or cutoff function y(wt).

For a bell-shaped approximation of the directivity pattern

1(8) =k, exp (—21n2 Z“,l) ) | (7.19)

Furthermore

87




1A @2 (7.20)
dutin2 [

I‘FI(B’ D) -_-.-:'exp (.._ In2 f;—)exp

L

In the general case, when

S=Y s, (t—*rT) (7.21)

k=—00

employing the notation from § 5.9

©0
[ srunsrar=m eat

Wpyln )= (7.22)
{ 1srutoiat .
-—00 ’ :
for the joint correlation function of a signal taken over a single
repetition period, as well as the notation
(f)esop(ot) (7.23)
and assuming that the adjacent spectralized I'(f) and T'(f+ El—o
practically do not overlap, we find M
]\Lr(1 8, @)= w (0 .1)_:.._’_ v [<—pT L) N
A - I\ T,) ™ w T, : (7.24)
1 & '

In the working region |T| < Ty and
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(7.25)

(s, 0, @)= [ur (o. «D—-‘—)\F ( LA,
e 1=, 9= )

i

For an incoherent system with a small number of repetitions the
correlation function entering in (7.12) is expressed by the formula

M (s, 8, B)=rr; Y (0f) Y (of — 0) Sy (¢ — kT )X
R ’

(7.26)
XS — kT, —)e™*dt .
Using the same notation and assumptions as in the preceding case,
(7.26) becomes
¥ (0 8, ®)=[¥,0, )T, (s B (7.27)

Thus, in systems which search (scan) the range coordinate T and the
angular coordinate ¢ jointly, the joint modulation correlation function
|W(T,6,®)l, which determines the potential capabilities of the 'system,
represents the product (or the sum of the products) of the two functions

TTM and WY, one of which includes the parameter T, and the other -- the

parameter 6, TFurthermore, the function TY depends only upon the shape of
the system antenna pattern, while the function WTM'depends upon the form of

the signal. Because of this, the potential system indicators in terms of

the angular coordinate 6 depend only upon the directivity pattern, and

not the form of the signal. On the other hand, the potential range coordinate
indicators depend upon the form of the signal, but not the directivity
pattern.

With incoherent processing the information about target velocity contained
in the set of initial phases of the high frequency oscillations with
different repetition periods is lost. The only portion of the velocity
information retained is that which is included in one repetition period of
the reflected signal. This physically obvious fact is reflected in formula
(7.25).
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The expressions derived for the joint modulation correlation function
make it possible to determine the region of high correlation in the
working sector of space (1,6,9), after which the threshold ratio can be
calculated by the corresponding formulas presented in the preceding
chapters. The equivalent number of orthogonal signals (or number of
resolvable signals) can be assumed to be approximately

~ Volume of region of variation of useful parameters T,0,9 (7.28)
volume of region of high correlation in working sector of )
space (1,0,9%)

or

Sm=mmym,, (7.29)
where m., Mg, my - equivalent number of orthogonal signals (number of
resolvable positions) along the 7,0, and ® axes. .

The extent of the region of high correlation A8, which is a measure of
azimuth resolution, can be estimated approximately by the correlation

angle

tn
By, = j | W (0, 6, 0)]* a0, (7.30)

_.m

For a bell-shaped approximation of the directivity pattern (7.19)

-

(0, 0, 0)=‘F1(G)=exp(; M_S_) (7.31)

and ~
" - “ P~
=V 5Tzt =158,

(7.32)




The problem of determining the potential accuracy of direction finding
by flat rotation of the pattern for pulsed incoherent systems is solved
in [31] with a number of additional limitations, specifically, assuming
that the range coordinate is known. The determination of the optimum
output in the region of high correlation which is provided makes it
possible to estimate the potential angular coordlnate sampling accuracy
in more general form. :

In accordance with the analytical method employed we shall assume that the
oscillation input to the receiver contains a signal with fixed parameters
Ty 60, @0, 80, ¢0 and that the angular coordinate and range coordinate are

estimated jointly. We shall assume that the signal in each repetition
period does not have velocity resolution

V., (s O)= W, (% 0)=W, (z). (7.33)

e

We shall also assume that for coherent systems the sampling is done in a
channel for which in (7.25)

(I)_(I)o._.rl ~0 (7.34)

M
or in (7.17)
O —d, =0, . (7.35)

Then the output of an incoherent system with a small number of
repetitions, as well as of a coherent system for a frequency channel
through which the signal passes, will have the same appearance (4.52) in
the region of high correlation

Y (3, 1) =2q",| u;{‘ (0 —8) ¥, (s— %) |+ N, (5 O (7.36)

L

where the random process NC(T,G) is such that

(N (520 N, (20 005 =2"1'F, (0, — 0) ¥, (=)} (7.37)
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The matrix of second moments of the best estimate 6%, T3 is defined by

formulas (4.57)-(4.60)

s 2 22 ’ 9 27 0 .

: Iff 8y 2q%; By (7.38)
82 82 1 ’
c 29%; By
where
2 01 . 2 ot

P,=|a—5‘¥,..<1>|  R=|w 0] (7.39)

f A =0, . 8=0

Thus, when the angular coordinate and range coordinate are sampled
jointly, the potential dispersions of the estimates or the dispersions
of the estimates of the maximum likelihood 6% are 68 the same as when
one of these parameters is estimated with the second parameter known
exactly. Accordingly, when the range coordinate is known exactly (and
when the parameters are estimated jointly (T and 9)) the potential
sampling accuracy of the angular coordinate for coherent systems and
for incoherent systems with a large number of repetitions is

32— | (7.40)
N

When the generalized directivity pattern of the receiving and transmitting
antennas are approximated in the form of bell-shaped function (7.19), we

find
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The formulas presented in the present section can also be used to obtain
more complex formulas which determine the dispersion of the joint estimate
of the parameters T,0 and 9.

7.2. Optimal Processing During Azimuth Scanning

We have not yet touched upon the question of optimum processing of the
received oscillations during spatial scanning. Our investigation of
potential capabilities has been based on the assumption that an optimum
output Y(t,0,%) or Y(t,8) is formed if the system does not have velocity
resolution.

We shall now discuss the simplest, and near-optimum, method for forming

the output. This method is based on the fact that two parameters -- range
and azimuth — are determined by.the delay time of the modulating and cutoff
functions, respectively. A delay search can be made by means of optimum
filtering or some equivalent method of carrying out an optimum linear
operation. -

As a simple example we shall examine a system designed to receive signals
reflected from stationary targets, The optimum output of such a system is
determined by expression (7.10), assuming that & = 0

o0 t

Y, ﬂ)-—-L[ { x(t)Y(m?—ﬂ)Z3rM (f—‘—-kf..)d‘ - (7.42)
. = T

—00

We shall assume that the receiver consists of a linear system with
impulse response '

| h(B)=1 (of) Za,u‘(—t—-—k_’ru) (7.43)
A= - _ :

and an envelope detector. In order to make it easier to write the
formulas, the time offset in (7.43) is omitted, which makes it possible
to satisfy the conditions for implementation of the system. The voltage
at the output of such a receiver will appear as

z<t)=-1.{°g° £ Q110 (=91 Y, o, 61— AT, & (7.48)
. o &
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and, if we introduce the notation

t=nT 4+ (0<:<=%; n=0, 1, 2.r.), (7.45)
and ' o - .
207,49 = xOrieen o+
+w71 Y 7, (E’—-c—-kr,)'de}.' o | (7.46)
. . .

Comparison of (7.46) and (7.42) shows that‘Z(nTM+T) is the optimum output -

for discrete values of the angular coordinate  (equal to wnTMH»T)
Z(t):Z(nTM+1)=)' (%, wnTM—i—m't). ' (7.47)

The angular offset wT, when significant, can be considered exactly,
since it is a known quantity which is determined during independent
sampling of the range coordinate. '

An analogous result is obtained in systems designed for receiving signals
reflected from moving targets.

The optimum filtering method, or other equivalent methods for accomplishing
an optimum linear operation, thus make it possible to obtain in a single-
channel system an optimum output which is continuous with respect to the
parameter T and discrete with respect to the parameter ® with a digitization
interval of w TM.

In accordance with the general principles for practical realization of the
potential capabilities of a system in terms of detection it is necessary
that the extent of the region of high correlation be greater than the
‘digitization interval. In order to realize potential capabilities in
terms of accuracy in estimating the angular coordinate it is necessary

to have at least two values of the output in each interval, equal to the
length of the region of high correlation. In other words, in order to
realize the potential capabilities of the system when a singleé~channel
arrangement is used to form the output Z(t), the duration of the reflected
signal must be at least twice the repetition period
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T>or,. (7.48)

If condition (7.48) is not satisfied, the potential capabilities can be
realized in a multi-channel arrangement for forming the output Z(t) with
the appropriate time offset between the channels.

7.3. Phase Direction Finding Method

The phase and amplitude direction finding methods are used extensively
in radar to estimate the angular coordinate of a detected target. These
methods can also be used to form the error signal and, in principle, for
azimuth scanning as well. From the viewpoint of antenna engineering,
phase and amplitude direction finding systems can be designed in many
different ways. We shall not be dealing with the design singularities
of antenna systems or other details. In our explanation of the methods,
we shall present the most obvious ways of implementing them.

We shall begin by examining the potential angular coordinate sampling
accuracy in the phase direction finding method. The antenna system
consists of two reflectors, with feeds Hl and H2 at the foci (Fig. 7.1)

and separated by distance D. The patterns of both antennas are the same,
and have maximum gain in the direction of the geometric axis GA.

9|6

Fig. 7.1. Antenna arrangement for
phase direction finding

”’?——- —-‘?”z
\..l/ \—I-/
t——_p-—ﬂﬂ
In order to simplify the formulas below, it is assumed that the
angular position of the geometric axis 6 coincides with the direction
corresponding to the origin of the angular coordinate 0, i.e.,vGA = 0,
The angular coordinate is sampled within a relatively small sector[|QL§ em,
for which the antenna gain can be assumed constant.
The form of the signal 3(t) or the form of the modulating function S(t)

is of no importance. It is assumed here and below that the reflected
signal has fixed intensity and contains only a single repetition period
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with duration T. The influence of the fact that the reflected signal
contains a greater number of repetition periods and has random intensity
can be allowed for-easily. This issue was examined in sufficient detail
in our study of coherent and incoherent reception methods.

The signals reflected from the target and received by the first and second
antennas can be written in the form

3,(t— 5.0, 9)=Re {S(t—s) expj2a], (t—) +%2 04 o e
a(t—= 0, 9= R§£S ((—)exp [ j2ef, (t—=) —i - 0-+ie -

In (7.49) sin O is replaced with 8 in accordance with the assumption of the
smallness of angle 8, and the initial phase ¢ can contain a term which
determines the relationship between the received oscillation and the

target velocity.

The investigation is done for internal interference in the receiving channel®.
Therefore, interference in the channels of the first and second antennas

are mutually independent of random functions. Considering that interference
is added mainly during the amplification and frequency conversion of the
received signals, we can imagine two processing circuits or methods. In

the first method the received signalss1 and 32 are amplified directly,

converted, etc. In the second system the sum and difference signals

.31:3 (I’—"’ 0' ?):':‘,l‘(t_"’ 0' ‘P)+3a(t__,“‘; 6' ‘P):':
~2cos (2 0) Re (S — ) &xpj2ef, (¢ — )+ Jol,

5, - S (7.50)
S (t—= 0, P)=9,(t—% 0, P)—a(f—= U, ¢)=.

=2sm(£§-o)xm{s,(t‘-'s)é:ipu.?uf,‘(t-x)-;-jqa]}. -

*
This limitation has not been introduced previously.
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are first formed in the antenna-feed system, after which the signals
321 and 322 are amplified, converted, etc.

In accordance with the definition of the parameter estimation problem,
we shall assume that the first and second channels receive as input
the oscillations xl(t) and xz(t), consisting of statistically independent

interference nl(t) and nz(t) and the signals 34 and 32 (or 394 and 322)

with unknown useful parameters T and 6. We shall assume that the a priori
distribution function of the useful parameters is uniform over the
required working region of variation of these parameters, and is equal

to zero outside the working region.

The likelihood coefficient /N1,0), which differs by a constant coefficient
from the function of a posteriori probability of occurrence in the
received oscillations % and X, of signals with the parameters (T7,6) is,

for the first method,

Az, 0)=exp(—2¢"}], [%L [T X, (t) 3, (t—=, 0, 9)dt - (7.51)

+ [ m@aE—s0 w“,
where -

q"-=;v'7 f 0, ?)dt=§;7.- S IS@OPdt (=1, 2).
' o i ‘ (7.52)

In writing (7.51) it is assumed that

(-3

.2_1“_ S-exp{nzj _,c.‘(f)gl(l—t, cp)dt}d@::
| .

== —o0
= ( exp {cos [x(x)—¢lL [E S.x‘(t) 3,(t—m O)dtl} do,

2%
— i=] ~00

n

97



where x(T) is the argument of the complex quantity

[Nt

), | X8, ¢—nde.
feal —00

We can use as the optimum output Y(7,0) the function

Y (=, 0) [ogoxl(t)s,(tnm, 0, ¢)dt -
o (7.53)

Fv"'
)
- ' J

‘which, assuming that we are dealing with an ensemble of cases in which
a signal with parameters (To,eo) is input, transformed into

Y(s, =443V (s — =)l [cos PO~ 0|+

(7.54)
+V2 q&d (“' 6)+ V24 3(“.9 .0):
where
([{)cl (t0 8,)+ 0.;2 (7 0)] [ﬂcn (2 0)+ Bc; (%2 8=
= 2¥ (z, -—-1:)cos (6 —6,). " (7.55)

The joint modulation correlation function for the parameters T and 0,
like in the other cases of joint sampling of the range coordinate and
angular coordinate, is the product of the corresponding correlation
function

\ir (v, ) =W (;)\lf; . (7.56)
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Furthermore, as was shown above, in order to calculate the potential
sampling accuracy of the angular coordinate ® when T and 6 are
measured jointly, it can be assumed that the range coordinate T is
known exactly.

Considering that the correlation function of the signal for the angular
coordinate

|\F1(0).!=icos -’%qﬂl , (7.57)

has a repetition period of A/D, elimination of ambiguity in the sample
requires that the working sector be selected on the basis of the
condition

_ 7.58

The optimum output Y(T,8) has the form of (4.52). Accordingly, we use
formula (4.57) or (4.62) to find the potential dispersion of the angular
coordinate samples . '

8y = (05— 0y =—rpve- (7.59)

(%)

Using the second processing method, in which the sum and difference signals
‘are formed in the antenna feed system, the likelihood coefficient A(,0) is
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A.(-c. 0) =exp(—4¢") I, {174.- L[cos%e g'x,(t) X

X Re (S (t—=) €™M~} df 4-sin "2 j %, () X

- XIm {S(t—r)e”"“""}d!]}. (7.60)

If we examine an ensemble of cases with fixed parameters (TO, 60) of the

received signal, the expression for the corresponding optimum output
Y(1,6) becomes

Y (s, 0)=sq-|\1r(¢—1,)||cos’i,?(p—-oo) +
42410, (v, 0)4-0,,(z. )]

(7.61)

The random process ecl+ec2 is defined by (7.55). Output (7.61) is
the same as (7.54), to within the coefficient 2 of the quantity qz.

Therefore, the dispersion of the estimates of the angular coordinates
will be )

=

¢ aqa("_f_)' o (7.62)

Thus, if we can only disregard noise in the antenna feed system, in
contrast to noise in the other components of the receiving circuit, the
dispersion of the estimates of the coordinate O is half as large in the
second circuit.
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7.4. Amplitude Direction Finding Method

We shall examine a simple circuit which implements the method. We shall
assume that the antenna system consists of one reflector and two feeds
which are offset symmetrically with respect to the focus in the focal
plane such that the directions of the maxima of the directivity patterns
Yl(e) and Yz(e) of the first and second feeds are offset accordingly by

an angle of -o and +o with respect to the geometric axis of the antenna
system, as is shown in Fig. 7.2 and expressed by the replationships

@O =1049) 1,(0)-_-'.1(_6—-@. (7.63)

It is assumed that the directivity pattern y(8) is an even function with
its maximum at 0=0.

Within the working sector, which approximately surrounds the region IeLf O,
the signals 3 and 3, received by.the first and second radiators have the

same phase and differ only in amplitude

e (t—v 0 @=10+a)s(t— 9
8(t— 0, )=y(l —a)s(t—r=, ¢). (7.64)

Fig. 7.2. Directivity pattern of
radiators Hl and H2 for

amplitude direction finding
method

The likelihood coefficient for the parameters (t,0) using the first
processing method (without forming the sum and difference signals) is
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A D= exp [~ b 04 ) 1 0~
| xz{ L[ro+a | y £ (0 (t—=, gt

+y(0—a) j‘ X, (3 (t—m, «p)dt]}, (7.65)

where q2 denotes

s*(1)dt.

Ql.
I
&
S
b

(7.66)

We then compose the likelihood equation, assuming that a signal is
input with parameters (To, ) ) and that the range coordinate T is
known in advance

S InA, n|_

a(a)[ 1 (0 +a)7(6 +a)'—'

‘—-1 (65— a)v(ﬁo—a) +7 O+a) Y %42) 7' (lo—a) ¥ (6,—a)] -

B b9 Y (B — )0 ] =0,

We expand the functions y(T +a) and Y(T -0) in the vicinity of the

estimate by powers of the small parameter (6*—6 ) Then the likelihood
equation becomes

,.(,,, ~IIY O+ + Iy O — 2} +

V2 (7.67)
+O2 VI G+ aF 17 Go—aff =0,
where O is a normal normalized random quantity. Assuming that
[¥ o+ )] + 1V (O — @) = 2 {1 (a)}", (7.68)
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we obtain this expression for the error dispersion:

o® 'v 2 l . [+
°o=((00'~eo))='4_‘7—1—[% ", (7.69)

With the second processing method, in which the antenna-feed system forms
the sum and difference signals,

3 (t = 0, @) =[1(0~+0)+Y (O] ¢ (F—, ) (7.70)
8,(t—= 8, @) =[y(0-+a) — Y (0—a)] 8 (f—=, ¢).

The likelihood coefficient is

AG a)—exp‘ oy [0 (0+a)+v (o——dn}

' —a —=, 9)d
x:{ L{(r0+9+10 )}gx.«)s(t g)dt+ o

{10 o) =0 — )} fx.«)e(t—«. vt ).

If we assume that the received oscillations Xy and X, contain a signal
with parameters Ty and 60, the argument of the function IO in (7.71) can

be transformed as follows:

wo) {11(0+a)+v(0—a)1n(0 +a)+1(0 —a)]l\lf(c—-v.)|+
+[1 O0+a) — 10— )] lr (O +2) — (% —a)] | ¥ (=) |+
}ff;;m ()1 (o)} 9, (9 -+ {1 0-0) =1 0—a)] %, ()} =

= |~1f(«—«.>|n (191 0p2) 1 0—a)y G+ 2
A+ (0+a) 0, +H10—a)d,@)
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which again, to within the coefficient v2 of the first term, leads to a
likelihood equation of the type (7.67). Accordingly, for processing in
which the sum and difference signals are formed

16a) Tt O (7.72)

Like with the phase direction finding method, if the noise in the antenna
feed system can be disregarded as compared with the noise in the other
elements of the receiving channel, the use of the second arrangement in
which the sum and difference signals are formed makes it possible to
reduce the dispersion of the estimates by a factor of 2.

In order to illustrate the formulas derived above, we shall calculate the
potential angular coordinate estimation accuracy for the first processing
method for an antenna system with a bell-shaped directivity pattern
(7.19) and with a pattern width (at the half-power level) of A. Here

AS (7.73)

=2
" P

and assuming that the patterns intersect at the half-power level (o =~%),
we find

2__ At |
8‘-—-7EWETE§?—' (7.74)

It is interesting to compare the accuracy with which the angular coordinates
are sampled in the phase and amplitude direction finding methods. We shall
assume in both cases that the field intensity of the reflected signal, as
well as the intensity of the interference in the receiving channels, are the
same and, as Fig. 7.3 shows, the total aperture area of the antenna system
employed in the phase method ($) is equal to the aperture area of the antenna
employed in the amplitude method (A). Then the total power of the signals
received by radiators Hl and H2 are the same in both systems. Accordingly,

the power ratios q2 which figure in the expressions for potential sampling
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accuracy are the same for both direction finding methods. Employing the
approximate relationship [29] :

A= 1,22-[pad), (7.75)
} 4

we can write instead of (7.74)

_—"—_"__"ZEST' | (7.76)

Fig. 7.3. Comparison of potential . : Dy
’ capabilities of direction
finding methods. Aperture (¢V
areas of antenna systems
for phase (@) and amplitude
(A) direction finding methods. ' 7"

On the basis of (7.59) and Fig. 7.3 we have

| ."m- (7.77)

In the phase direction finding method.

The comparison above is approximate; even so, it indicates definitely

that the potential angular coordinate sampling accuracy for both methods

is of the same order and that, for a given reflected signal field intensity,
it depends basically on the size of the aperture of the antenna system.
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7.5. Optimal Processing Schemes for Amplitude and Phase Direction
Finding Methods

It was pointed out in Chapter 4 that in order to obtain the best estimate
of a signal parameter there is no need to form an optimum output for

each value of the measured parameter. Considering the random nature of
signal intensity, in order to sample the parameter 6 it is sufficient to
form two values of the optimum output, after which the best estimate is
obtained by solving a system of equations. In defining the optimum scheme
we shall assume that, in accordance with the proofs in § 4.2, the
1likelihood coefficient

Afs, o,".)=ex‘p{—}%[ T 33;(1, 0, <p)dt+}°'s;‘ (¢, (,,)dt]}'x_
R e (7.78)
XE g L] [ w s, ¢—= 09t [ x0) 0, (t—x.0.9) at )

in the vicinity of the estimate (Tg, 93, 86) can be represented as

A (=, 0, e)%éxp{fﬁ— L‘f 8 (1,0, 9)at '+_°f 5 (,0,9) c'u‘“.x

2“. % ‘ ’ ' * L] *
X, —ﬁ‘.o‘L[ S 3 (t—1, 0, ‘9)31(t""‘0? Oo, 9o} dt+ - (7.79)
= b 9)d—, 0, et ]}.'

7
—00

When a processing scheme is employed in which sum and difference signals
are formed, 321 and 322 must be substituted for 34 and 32 in (7.78) and

(7.79).

The method for comstructing the error signal and estimate formation circuit
was described in § 4.4. TFor direction finding systems this method consists
of the following. On the basis of (7.79) operations are selected which

convert the function /Nt1,6,e) for some fixed values of 6 and € to the output
d(7) which, for a value of T equal to the true delay time To? represents a

monotonic function of the deviation of the direction of the geometric axis

from the best estimate 66. The error signal d(TO), in particular, can be

proportional to the deviation of the geometric axis from the best estimate.
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In order to obtain the estimate 66 it is necessary to define a second

conversion of the function A@,8, €) to an additional output. D (1),
whose knowledge for T=T, would make it possible to eliminate the random

intensity parameter from the error signal. We shall designate the
conversions of the function A (T,6,€) which we have selected by the
symbols,I‘1 and P2, and the fixed values of the parameters 6 and € in the

first and second conversions by 61, € and 92, €55 respectively. Then

solving the system of equations

I‘l [A (1’. 0’ .)L:c,, 8=8;, 1=1:, =d (“G)'

. . . (7.80)
Py[A(s, 6, e)].=.,, 08y, =1, = 551(1.)

makes it possible to obtain the estimate 98 in the form of some known

function ¢ of the variables d(fo)_and 3§(T0)

G=¢[d() D | | (7.81)

The receiver must, consequently, normalize the output d(t) and P (1).
The operations over the received oscillations xl(t) and xz(t) and the

corresponding radio circuits needed to do this _are defined on the basis
of representation (7.78). The outputs are then input to a decision device
whose functions are determined through (7.81). ‘

It was noted in § 4.4 that there is no single solution to the problem of
composing the system of equations for obtaining the best estimate. A
large number of systems of equations, and accordingly of radio circuits,
can be proposed which provide potential sampling accuracy. The designer's
problem is obviously to select the system of equations (7.80) such that
the corresponding radio circuit has certain practical advantages, such as
simplicity of implementation. The choice of systems of equations (7.80)
in the present section is made so that the circuits which are obtained are
as close as possible to those actually used in practice.

107




In the phase direction finding method, employing a processing scheme
without forming some indifferent signals, we accordingly use the
following as the output of the channel which forms the error signal
d(1) and additional output for obtaining the estimate D (1):

S
s==], §=0

d() =g llnAGs, 0, )]t

. (7.82)
.éﬁo=ﬂf"

@ (5)‘:)%12"(1:1 A=, 5, )

We shall demonstrate that the relationships stipulated above between
the quantities d(TO) and D (TO) and the estimate are obtained in this

case. If we consider that the square of the envelope of the sum of
two oscillating processes can be represented as

{LIF,(£)cos (wgt +9,) -, (t) cs (w4 9]} =
=11 ()13 )42, (0 fa (1) cos (o, — 9a),

after substituting (7.79) in (7.82), we find

d()=8(s; )" (337 sin 22

}\ A 0
_ ' o (7.83)
' . 2rD \1 2rD v
D () =8, )’q‘( o ) cos by
and the expression for obtaining the estimate
- A 25D d(z,)
00—275”0%/_1':5(1:)‘ (7.84)
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We now define the circuit for forming the outputs (7.82), for which we
substitute in these expressions the likelihood coefficient (7.78)

o

d(5) = {L [T}- S x, () Re{S(t—v)e

—00

]2:7, (&)

W:’l‘l'}dt-}-'

© - ' 2D 12 -
g Sx,(t)Re{S(t-z)e”,“"""' T'}dt]} =

=0

='¢% {2}" Q) }.,a (v)cos [u' ©) =%+ &;TQ 0]}o=o'

(7.85)

—00

where Yl(T), YZ(T) and xl(T) and Xz(T) are the envelopes and phases of

the high frequency processes

= S,v';(t)s(t—c)dt and Sx,(t)s(t—z)dt. (7.86)
Thus,
L d®)=2Z2 ¥, () Y, (x)sin [, () — % ()} (7.87)
Analogously, )
D(x)=2 (?’;_D)' Y, ()Y, () cos [x, (9 — % (3] (7.88)
and on the basis of (7.84)
o = g [ub(zo)-;i,('«-.,')]. - (7.89)
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The optimum processing scheme consists of optimal filtering of the
received oscillations xl(t) and x2(t) in linear systems with identical
impulse responses

hy(t)="h, () =cs(—t, @) (7.90)

and measuring the phase difference between the oscillations at the
output of the optimal filters.. Figure 7.4 shows a processing circuit
which is a direct interpretation of these expressions. The notation in
the diagram is as follows: FD -~ phase detector, FI -- phase inverting
network, which multiplies the phase by m/2, DD -- decision device, which
forms the estimate 66 on the basis of (7.84).

a(r)

Hy @il LS fy f—e] FI FD

DD

D(z)

Fig. 7.4. Optimum processing circuit for phase direction finding
method

As a check, we shall calculate the QisperSiOn of the estimate (7.89)
obtained in the optimum processing circuit. We shall assume that the
input is a signal with the parameters (TO, 60, €y ¢O). Then the

oscillation at the input of the optimal filter will be
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- S 2, ()8 (f— ) dE =207, | ¥ (x— 3)| X

X cos [ 24/, (z — e+

N @oos [ G- Fet T A (7.91)
N @sin [ 26, = 5+ 8k T

Since the signal is significantly stronger than the interference in the
vicinity of Ty» We can write '

. *.(%);%%-I-%O..-j-%-'?.(,::—)-.v (7.92)
Analogously,
u.(m,)=?,_—$o;'+£;‘§f_-‘7f). (7.93)
whence according to (7.89)
=, _"_N,.;(r;qi.N.,(t)z’ZlD (7.94)
and
- B = (0 — ) =——e (7.95)
el (T

As might be expected, the dispersion of the estimates obtained in the
optimum processing circuit is the same as the potential dispersion of
the estimates (7.59), if we only allow for the random nature of the

intensity of the received signals in (7.59). The coincidence of these
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dispersions need not be checked below.

In the amplitude direction finding method, employing a processing circuit
which does not form sum and difference signals, the output of the channel
which forms the error signal d(t) and the additional output $5 (T) can be

—_1 |2 | (7.96)
' d(")"—“(' (a)] 06 In Ai("' b4 =1, 8=0
1 ot
and D)= W{m(z, 0, )+
ol O+ o)
. s=I, §=0 (7.97)
According to the expression for the likelihood coefficient in the
vicinity of the estimate (7.79)
2(]’:8 . . o
d(v) =g N +a) =10 —a)l. - (7.98)
. 2"]’.. . . . ’ ] .
B (x)= s [1 (g +0) 1 (8 — )] (7.99)

The estimate 66 can be found by solving (7.98) and (7.99) simultaneously.

In order to define the optimum processing circuit, we substitute (7.78)
in (7.96) and (7.98). Since the signals in both channels are in phase

) [*{(0+a) Tx,(t)a(t,—-— ) di4
T e - ' (7.100)
+10—2) {509 | =10+ Y, 4 0-0) Y, )

- 00
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where Yl(T) and YZ(T), as above, are the envelopes of processes (7.86).

Therefore,

d(x)=Y,(x)—Y,(3) (7.101)

D=V, [V (.
' ‘ (7.102)

Figure 7.5 shows the corresponding processing circuit. We note that this
circuit does not respond to variations in the initial phase of the
oscillations. The initial phases of the oscillations of the received
signals S1 and s, can be different, or even statistically independent.

For this reason, it is possible for this circuit to employ a single
processing channel, with the first and second radiators connected
to it alternately for a single repetition period.

y(7)

DD

Hy ~——w LS b = D ]z[Z)

Fig. 7.5. Optimum processing circuit for amplitude direction finding
method

In the case of processing in which sum and difference signals are formed,
the question of the structure of the optimal receiving circuit will be
considered in more general form, for phase and amplitude direction finding
simultaneously. We note that for both direction finding methods

S (t—= 0 P =8,(t—= — @)=a(f—r, 0, 9), (7.103)

T 1 : ) ' —

lim o5 8y, (f—7, 0, ¢) = 8(t—=,0, ¢)| =3, (t—= 0, 9)
26 “&2 . 08

40 : : .= (7.104)
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By analogy with the preceding case, the output of the error signal formation
channel can be the function

d(t)#cl—%lnA(x, b, e) ,.:.,.zo —

‘

="

L [j'xl(l)zfn(t——-r., 0, ¢)dt-I-

(7.105)
ot wm«~mmwm”.'
) 9=q
Further transformatlon of (7.105) considering (7.104) allows us to
obtain
.1 7 ' .
”,‘j'},?zo‘(L[_L{.(’)%.(l—f. b, 9)dt - |
+ (X0 —= 0, qa)dt]—L , § x93, (t—, —8, )t .
[ . . . ]
+ | e @a,t—s —8, 9)dth=
0 _ . (7.106)

—._.—c{[.[limé- Tx,(t)a(t—z, 0, 9)dt+
-0 .

—0

'-|- 5 x;(!)a;(t—t, 0, f,o)dt}—-
[ 1§ Tx ()3 (t—=, 0, ¢)dt —

—_ Tx, G (t.—— %, 0, é)dt“.
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If

L Lj x, () 3(t—+, 0, ¢) dtj>‘L[ frs¢—= 09 d’] (7.107)

\

(which, of course, occurs with both direction finding methods near T=TO),

the occurrence of a large coefficient ahead of the first terms in the
square brackets has practically no influence on the result, since these
terms compensate one another after the operation L has been executed. We
can therefore write :

d(e);L[c,,jx,(t)s(t—s, 0, ¢)dt -+

—0

+ec, j' x,(6) 8, (t —+, 0, q:)dt]——
- (7.108)
—Lie, fxs—= 0, 9 at

—0

—c, f.,v,(t)a; (t—r+, 0, (p)dt].

where €1 and <, are arbitrary constants, but are such that adding them as

factors to the right and left parts of (7.107), respectively, does not
violate the inequality.

We assume the additional output D (1) to be

)= / < ] S : . =
BE=efinds 0, Oy [(oh+at)atf (7.109)
g =cL [ﬁ“.— Sx,(t)é(t——t. 0; ) di],

which can be written as
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@(f);L[cl' an(f)ﬂ(f¥r. 0.'<P)df+" |
-f?c,-j X, ()8 (t—x, 0, é)df] +

| " i (7.110)
. +L[c,j;r,(t);(t—z, 0, p)dt—

= Sx,(t)ss‘(t ——::;0, ) dtJ

Figure 7.6 shows an optimum processing circuit which forms (7.108) and
(7.110). The component Zl and 22 shown in the figure form the sum (+) and

difference (-) of the input oscillations. The impulse responsés hl(t) and

hz(t) of the linear systems must be, to within a constant coefficient:

~~ for the amplitude method

hO=hO=s(t—"4 0,9 (7.111)

—~ for the phase method

K () =Re {S(t,— tyexpli @[+ 9}, .112)
hy(8)=1m {S (¢, — ) exp[j (2xfot )]}

The functions Yl(T) and Y2(T) input to the decision device (DD) in
Fig. 7.6 are connected with the outputs d(T) and D (1) as

dp=Y0-T6,
‘ ﬂ(t):-_.-y’(‘t)—l—),.(“).
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Yl

# LSy
o DD

A (t{

LS hy

Fig. 7.6. Optimum processing circuit for phase and amplitude direction
finding forming sum and difference signals

The equations for obtaining the estimates are analogous to the
corresponding equations in circuits which do not form the sum and
difference signals. If we again use representation (7.79) for the
likelihood coefficient in the vicinity of the estimate, the equations
can be transformed as follows:

-~ for the phase direction finding method

d(s)=csin %20, (7.113)
-
D(s)=ccos b, (7.114)

~~ for the amplitude direction finding method

D) =cly (b, +a) 10 —a)]. . (7.116)

The circuits obtained in this section, with the possible exception of that
in Fig. 7.6, are not new. But even so, it is interesting, first, that these
circuits were obtained by applying the analytical apparatus for defining
optimal circuits and, second, that it has been proved that the circuits in
Figs. 7.4, 7.5 and 7.6 exhaust the potential capabilities of amplitude and
phase direction finding systems.

117



7.6. Multichannel Systems

Amplitude and phase systems are designed primarily for forming an error
signal and sampling the angular coordinate. However, they can also be
used for detection as well. One advantage is their capability of
operating with stationary antenna systems. Even so, they have serious
deficiencies: the received signals, which differ only in angular
coordinate, are strongly correlated. In other words, amplitude and
phase systems have no azimuth resolution. Another deficiency is the
extremely small size of the working sector, which is determined for

the amplitude method by the width of the directivity pattern, and for
the phase method by the sector of indeterminacy, the angular extent of
which is A/D rad. These deficiencies can be reduced in principle to some
extent by employing multi-element and multichannel systems [73, 74].

-l EALVR Y

Fig. 7.7. Directivity patterns of radiators Hi’HZ""’ H2n for

multichannel amplitude direction finding method

With the amplitude method, a multichannel system consists of some number,
such as 2n, of radiators, the relative positioning of whose directivity
patterns yl(e), (6),.....,Y2n(6) is shown in Fig. 7.7. The signals

received by the radiators are input to 2n independent processing channels.
Each received signal is passed to the output of two channels. The angular
coordinate is determined by the numbers of these channels and the ratio of
the amplitudes of the signals in them.

In studying the phase method we shall again examine the simple example
in which the antenna system is a linear array (Fig. 7.8) consisting of
2n reflectors with radiators Hl, u,, ""H2n arranged at their foci. The

signal with parameters (T,0,¢) received by radiators HZi—l and " can

be written as

118




8 (f—= 0 @)= i
_Re’S(l—°)exp[/21f,(l— H—l (2;-.\1;4.,?]

3,(t—1%, 0, 9= (7.117)
=Re{S(t—z)exp[jznfo(t__z)_,-’%’(g,-_,H_i?]}_
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Fig. 7.8. Antenna arrangement for multichannel phase direction finding
method

If the received signals :-31, 32,..., 32n are processed directly in 2n

independent receiving channels, the likelihood coefficient
: A, 0)=
=exp(-—-2q'n)l,{— [25} (t)g([ x, 0, (p)dt]} (7.118)
. =1

assuming that a signal with parameters (TO, 80)‘ is input, is

A(s, 0)=exp(—20%) I, [2n2¢*| ¥ (s — =) || ¥, (0 — 0,) |+

TN O (7.119)
where [30,74]
_ " . nD
- sin2n—~-0 o
'If'(f))=’—:-2 cosﬁiD-(2k—-l)0— ;D . (7.120)
- : 2nyn 8 '
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and the random process N(T,0) is such that

(N (510 O) N (v, 0)) = 202" (3, — ) W, (6, —b,). (7.121)

[y

The angular coordinate correlation function (7.120) is periodic, with a
repetition period of A/D. Figure 7.9 shows the function I?Yl in one

repetition period for n=1 and n=4. The width of the base of the main
lobe is A/nD. The side lobes of the function 'are relatively small, and
drop off as n becomes smaller.

The unambiguous detection angle in multichannel phase systems, which
determines the working sector, thus does not depend upon the number of
antennas, but rather the distance between adjacent antennas. On the
other hand, the resolution depends upon the number of antennas and is
determined by the overall extent of the antenna system 2nD. The number
of resolvable angular coordinate positions can be assumed to be 2n.

“\

Fig. 7.9. Angular coordinate correlation function of signal for phase
direction finding method (2n -- number of antennas).

We note that when the phase direction finding method is employed the
analytical formulas for the angular coordinate performance indicators
are similar to the formulas for the performance indicators for the range
coordinates in Doppler systems. For example, the correlation functions
¥(1) of a Doppler system with 2n frequency components spaced 2F apart is
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the same as the correlation function wY(e) of a phase direction finding
system with 2n antenna systems spaced distance D apart (Fig. 7.8). The
angle D/X rad is the analog of the frequency interval of 2F.

The potential sampling accuracy of the angular coordinate is determined by
formula (4.62), and is equal to

. N { ’
8 = {(0 — 1)) = e S (7.122)

where [30]

n
EQ

§ =1 0)|= (—f—’)'—gl (2 — 1y =" (R (7.123)

As the number of antennas, and accordingly the number of independent
receiving channels, is increased the accuracy with which the angular
coordinate is estimated increases monotonically. However, when the
signal energy is fixed, like in the case of expanding the signal
spectrum, the accuracy does not increase without limit, but only until
the power ratio exceeds the threshold.

If the noise in the antenna feed system is significantly smaller than
the total noise in the receiving channel, processing without forming
sum and difference signals does not fully utilize the system capabilities.
The loss increases as the number of channels 2n. Let us suppose that the
signals 394-1 and 3,10 received by the antennas in Fig. 7.8, are not

input directly to 2n processing channels, but rather form 2n sum-and-
difference outputs 321,.h. 322n' In order to find the optimum nature

of summation of the signals 31, 32,..., 32n’ we shall examine the result

of simple summation of the outputs of all of the antennas assuming that
the signal has the parameters (TO, 90, ¢O) -
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n
E ‘?l (t — %o hys 94)=
L=t

n [ 4

=2 Y Re {S(t—) explj2s,(t-—s)+ivul} cos] Fe2i—=1, =
. =l =
oo .sln 2a =D ]
=2ns(f—x,, 0,¢J-____J%E_, : (7.124)
-9y o Znﬂn;r° _

The summary.output (7.124), which is applied to the input of one of the
2n processing channels, has the maximum possible intensity when 60=0.

It can be assumed that for any'e0 belonging to the working sector |60I_5 A/2D

the signal intensity will be close to the maximum possible value at the
input of one of the 2n channels if the angular offset between the directions
of maximum intensity in the adjacent channels is A/2nD. 1In order to achieve
this, the input to an arbitrary kth channel must be the signal

8, (E =10 Dy 9=

inna |2 (o)
=2m3( =% 0, 9) ’:::%;Eo D J
S . “

-

) (7.125)
witmo) ]

where Y h=—-un, ——r:{-l,...nlf—2,r1—-l.-

Considering (7.120) and (7.124), the expression for the sum-and-difference
signal at the input to the kth channel can be changed as follows:
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8y (E— 5, Ug @) =

9 (2‘ l)] lszl(t'—‘ov Oo' (Po)+52l_| ( ‘o» 0! ‘Po)]+' (7 .126)

b

o053
+ sin[ 2—k-(2 ~—_‘I).J[32l‘(t'_'_x,, by 9,) — LAY (et Y 0, ‘Po)] )

which indicates -the manner in which the optimum sun-and-difference outputs
are formed at the input of the 2n processing channels. If we disregard the
occurrence of side lobes in function (7.120), the system becomes identical
to the multichannel amplitude system whose directivity patterns are shown
in Fig. 7.7. The width of the base of a directivity characteristic of each
channel is A/nD, and the angular offset between the characteristics of
adjacent channels A/2nD. The diagrams intersect at. the 0.405 power level.

Finally, if a single processing channel is employed [73, 74], to which

signals are applied alternately from different radiators with the amplitude
method, or different sum-and-difference signals for the phase method, the
system becomes equivalent to one which employs flat rocking of the directivity
pattern. This again indicates that the potential capablllty of systems

in scanning angular coordinates and direction finding are determined basically
by the geometric dimensions of the antenna system, as well as the number of
independent processing channels,

In order to simplify the task in this chapter we have excluded certain
capabilities of antenna engineering. For example, we have assumed that
the (voltage) directivity pattern Y(6) of the antenna system is a real
function of 6. Furthermore, the correlation function wy(e), which

determines the potential capabilities of the system with respect to the
angular coordinate 6, differs little from the function y(8). It obtains
accordingly that the potential capabilities of the system are almost

fully determined by the directivity pattern y(6) itself —- its width A.
However, in the general case the function y(6) may be complex, and the
correlation function ¥(0) may differ significantly in width from y(0).

The relationship here is precisely the same as between the signal S(t) and
its correlation function ¥(t) [56].

Further, during our examination of phase (and other) systems we disregarded

the time offset between the complex envelopes of the signal S(t-T)

received by different antenna elements. In accordance with the operating

conditions which usually occur, the latter assumes that the signal correlation

time Tee is significantly greater than the time intervals

- D sin O
c

) corresponding to the difference in travel of the beam to
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different antenna elements. However, we can imagine systems in which
this condition is not met. Then the joint correlation function Y(T;0)
for the range coordinate T and angular coordinate O cannot be represented
as the product Y(T) WY(G), and the performance indicators of the system

in terms of the coordinates T and 6 become interrelated [56].

Finally, it would be helpful to examine some questions. involved in the
practical use of the phenomenon of superdirectivity [69].

Chapter 9. Supplements

9.1. Signal Reception Against Background of Interference with
Unknown Intensity

Up to now we have been studying reception against the background of
interference with fixed, a priori known intensity. Reception conditions
such as these occur when the interference is caused by internal radio
equipment noise. We shall now assume that the interference can be
approximated by Gaussian white noise (8 1.2) whose spectral intensity

N0 is unknown and is a random, but constant over each observation

interval, quantity

T (9.1)
No="l(No)'

The interference intensity parameter 7, according to definition (9.1),
is the ratio of N0 —- the spectral intensity of the realization of the

interference in a given observation interval -— to the mathematical
expectation of that quantity(de). We shall also assume that the received

signal €3(t-T, ¢, $) is defined by formula (5.10). Then the likelihood
coefficient for the ensemble of all possible values of the parameters T
and ¢ can be expressed as

o @

j‘p () dcjpn(n'.l) ex[-) (___Zl?_t%—_e_’q_’_) 1, [_':_ Y(s, (p)] dn
A(s, 0)="1 S . (9.2)
o)
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where p(e) and p(n) are the distributions of the intensity parameters of
the signal and interference,

+T .

Yz ®)==L [_27 S‘ x(t):r(t——z ® ‘I’)dt] (9.3)
. | I l‘t+1“ '

=i | w0 0.0

Integration with respect to t in (9.3) and (9.4) must be done over the
arbitrary interval which includes the reflected signal 3(t-1,9,%).
Assuming that the duration of the reflected signal is T, the integration
interval will be assumed to be (t, T + T). 2m is the number of measure-
ments of the interference space, which is determined by the interference
spectrum width fm(2m=2fmT) and, according to the approximation

employed for the noise background, is an unbounded large (practically
very high) number.. The energy signal/noise ratio q¢ is the ratio of
the mathematical expectation of the signal energy to the mathematical
expectation of the spectral intensity of the interference

r.
st g, Pt . (9.5)

=y

The number Zz, as will be shown later, is defined by (9.4) such that as
m >« it has a finite limit.
We now re-write expression (9.2), transforming it somewhat:

A 4=

_—:fp(s)d'_gp(n)exp( :T) [ Y(id))][_‘—exp(-—%;)]mdq ‘ (9.6)
Trofeo (5[
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Asymptotic estimates of the integrals in the numerator and denominator
of (9.6) can be obtained for large values of m by the saddle-point
method [20]. The idea of this method in our case is based on the fact
that the function

f(n)==-l-exp(-—- ' 9.7)

which enters into both expressions beneath the integral, has a single
clearly defined maximum at the point n=z2. The larger the value of

the parameter m, the more clearly expressed is the maximum of the function
[£(M)]™. Therefore, for large m the main contribution to the value of

the integrals comes from the vicinity of the point of the maximum

(Zz—h, Z%+h). The use of this method makes it possible to represent
expression (9.6) as the ratio of the functions beneath the integral

at the maximum point (n=22)

.A(1= ‘I)wofp(et)exr)(” z,)'_[ z ] e | (9.8)

As m increases without limit the sign ~ of the asymptotic estimate
becomes an equals sign.

By examining formula (9.8) we can make the following practical
conclusions. The definition of an optimum system does not require
knowledge of the a priori distribution of the interference intensity
p(n). The likelihood coefficient A(t,d), regardless of the distribution
of the signal intensity p(e) for every given value of the number 22,

is a monotonically increasing function of the output Y(t1,%). Therefore,
the optimum decision making rule, which in the general case of the use
of the Neumann-Pearson criterion is expressed by formulas (2.43) and
(2.44), can be formulated as follows in our case. It is decided that
the target is absent if for all possible T and &

Y (s, !)<Y, (2}, - (9.9)

Rd
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It is decided that a signal is present with parameters (Tx, @x) if

Y (s, B)Y, (29,
. . (9.10)
Ptey, ) =sup[¥ (s, 0]

The appearance of the function YO(ZZ), which expresses the optimum

relationship between the threshold level Y, and Zz, is found from the

. 0
equation

-

: ___‘5 '! ' -'eq : # E (9.11)
A, (5 ()ex?('l )1 (“z )de. :

in which, Ib is assigned by the selected false alarm probab111ty On
the basis of (9.11) we can write the optimum form of function Y (Z ) for

the distributions p(g) ordinarily used. For a fixed signal 1nten31ty,
when p(e)=0(e-1),

and, considering that q2 >> 77,
Y,=qidez (9.12)

In the case of Rayleigh distribution of the signal intensities

/¢

Tt

A= o= Zipg o [42’(2'474')] .

and considering that q2 >> ZZ,
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(9.13)

The constant coefficients c¢ figuring in (9.12) and (9.13) are determined
by the given value of_A0 or the given falsé alarm level F. The

formula which connects the coefficient ¢ in (9.13) with the probability F
will be presented below. .

One feature of decision making rule (9.9), (9.10) for systems with
unknown interference intensity is the fact that the threshold level
YO’ like the output Y(T,¢), is a function of the input data x(t). Figure
9.1 shows an optimum processing circuit which follows directly from this
decision rule. The circuit consists of two channels, the first of which
is used to form the output Y(T1.®). The structure of this channel was
examined in sufficient detail in the preceding chapters. The second
channel, which forms the output Z“, incorporates linear system LSZ’ which

is a wideband (by comparison with the signal spectrum) amplifier, a
square-law detector and a low-pass filter (LPF) with cutoff frequency

of approximately 1/T. The filter provides integration over the interval
(t, T*T). The outputs Y(7,9) and 22 are input to the decision device,
which forms the optimum threshold level YO(ZZ) and makes the decision.

There are some possible simplifications to the structure of the channel
which forms the threshold level YO(ZZ). In order to clarify these

capabilities let us examine the analytical expression for the output Zz.
The number z2 represents the result of extended integration of the process

xz(t), and is consequently approximately a normal random quantity.

Y(T,0)

LS" jeepd D
M T R —.-zé DD
- o LSy [~ D LPF ,

Fig. 9.1. Optimum processing circuit for signals received against
background of interference with unknown intensity
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The mathematical expectation and dispersion of the quantity 22 can be
calculated by the formulas presented in § 1.2. In the case of the absence
of a signal, when x(t) = n(t), we obtain '

”"(I'H;fm) - (9.14)

where 6 is a normalized normal random quantity, and Mo is the realization

of the noise intensity parameter 1 in the observation interval in question.
In case the signal is present, when x(t)=n(t)+€03(t—T,¢,¢),

Zreq (1 ﬁ‘..‘!.’..*_a__'_ (9.15)
7 ~ﬂ° +1’. m Va . -
Assuming that the number

m=fT . (9.16)

is extremely large when the noise spectrum fIn is extremely wide,
regardless of whether the reflected signal is present at the input,
we can assume

2= (9.17)

We now note that the output 22 of each channel in Fig. 9.1 retains its
structure (9.14)-(9.17) regardless of the bandwidth Af of the amplifier
in each channel, if only TAf is large enough, e.g., of the order of 103
or more. In addition, the square-law detector can be replaced by a
linear one, since

s+ T . 1 wT

'z=[(—,\',3 Sx’(t)dt ]’z jL[V(lN')x(l)]'dlz.ﬁ. | (9.18)
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Keeping these remarks in mind, the optimum processing circuit can be
modified as shown in Fig. 9.2. Either a square-law or linear detector
can be employed. This circuit assumes that a linear detector is used,
and that the intensity of the reflected signals is described by a
Rayleigh distribution. Furthermore, the appropriate choice of amplifier
gain K ensures, in accordance with (9.13), that an optimum threshold
level is formed.

Yt ) .

L o DD
) ”’—

\

Fig. 9.2. Simplified optimum circuit for processing signals received
against background of interference with unknown intensity

We shall now calculate the threshold ratio qﬁop' We shall assume for

simplicity that the useful signal parameters (T,®) can take on only a
single value (T ® ), i.e., we shall consider a two-alternative system.

The false alarm probablllty F and detection probablllty D, keeping (9.17)
1n mind, are expressed as

={pdn { py(¥/0dY, (9.19)
[} y.‘zs,
b= 'P(n)dn P (VY .20
)42»

in which pN(Y/n) and pSN(Y/n) are the distribution functions of the
output Y=Y(T o ) for the cases of the absence (N) and presence (SN)

of the reflected 51gnal assuming that the spectral intensity of the
interference is fixed and equal to n(N >. We use the symbol 02 to denote

the dispersion of the interference at the output of linear system LSl

3
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(Fig. 9.1 and 9.2), assuming that n=1. Then

. y’ .' .
PeYh =5 exp( ,.,,) (9.21)

and the false alarm probability for a given fixed value of the intensity
parameter N is ’

00 °

+ 2 y .
Fn)= j Py (Y/9)dY =exp [___Yg;i"__], (9.22)
vim A 1 -

The analysis below is limited to the most interesting case in which the
signal intensity parameter € is described by a Rayleigh distribution,
and the optimum form of the function Y (z2) is determined by formula
(9.13). In this case

, F;F(n)=exb(—§%’;), | (9.23)

whence it follows that the choice of the optimal form (9.13) of the
function YO(ZZ) ensures that the false alarm probability remains constant

over observation intervals with different values of the realization of
‘the quantity n. In addition, formula (9.23) makes it possible to

use the required probability F to select the quantity c/o, which defines
the ratio of the gains in the channels which form Y(t,®) and Y0

When the distribution of the signal intensity parameter is described by
a Rayleigh approximation

. Y3 9.24)
Puy ( Y= en(,)_‘_ P exp [ 2,:(,‘(_':q:, ] (

and the correct detection probability

< .
D=L’(n) oy (9.25)
0
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or

ity llﬁ'k (9.26)
] q‘)'

.Dz;‘o:p(y)e_xp [?",—ln F]‘d'n= 1 —i—E'qTF‘i—

TD3s

We can conclude from examining this expression that when the detection
probabilities are high, on the order of 0.9 or more, regardless of the
distribution of p(n), and especially for a fixed interference intensity,

. ;v f _ ,
D~l—-—q—,—ln-—F—— ) (9.27)
and the threshold ratio is
in—o
2 'F (9.28)
q"°P~T—j'

For comparatively small values (of the order of 0.5 or less) the
correct detection probability D, conversely, depends upon the distribution
of the interference intensity p(n).

We have investigated the characteristics of reception against the
background of random interference with unknown intensity for signals of
the type (5.10).* Obviously, the method used to calculate the likelihood
coefficient can be extended to the case of receiving signals with other
sets of useful and parasitic parameters. Like in the present case, the
analytical expression for the likelihood coefficient for systems with
unknown interference intensity is the same as the analytical expression
for the likelihood coefficient in systems with fixed 1nterference

intensity, if we only replace No in the latter with Z (N > . Accordingly,

by substituting Z {N ) for N0 we can extend all of the results and formulas

of the theory of detectlon against the background of random interference with
known intensity to the case of signal reception against the background of
interference with unknown intensity.

*#[Chapter 5 not included in this translation. Tr.]
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9.2. Use of Target Information Obtained During Previous Observation
Intervals

All of our investigations have assumed that the duration of the reflected
signals is small enough that the received oscillations contain information
only about the instantaneous values of the current signal parameters. These
signals, of comparatively short duration, were examined in isolation, i.e.,
disregarding the information contained in the signals reflected from the
target during preceding time intervals. This statement of the problem
corresponds to the actual operating conditions of modern radars. In this
regard, Zibert [15] wrote, "We must go beyond the circle of ideal associated
with finite (and consequently short) observation time.... Every radar
target, generally speaking, has its own temporal and trajectory history,
which is a more thorough expression of the distinguishing features of the
target than the instantaneous values of its current coordinates and
velocity. We must learn to use this target characteristic. More difficult
theoretical, computational and practical problems arise in connection with
this issue, but it is this area more than any other which holds hopes for
future achievements in the development of radax engineering".

The practical solution of the problem of more or less total utilization
of the target trajectory in order to increase radar operating range,
accuracy and resolution is an extremely difficult matter. In the present
section we shall suggest that a decision at an arbitrary moment in time T
is made with allowance for the target information contained in the
reflected signal for all of the preceding observation intervals, and we
shall discuss in general features the extent to which this may influence
the potential capabilities of the system in terms of range and detection
accuracy. The extremely important and interesting question of the
influence of this processing of the received signals on the resolution.
capability is not dealt with.

For definition, we shall be examining a periodic scanning detection and
tracking system. After each scan cycle (or during each scan cycle) a
statistical trial is made, as is a decision as to whether or not a target
is present and concerning the instantaneous value of its current
coordinates.

In the general case, target coordinates can be taken to mean an arbitrary
set of useful parameters to be estimated. Information about the current
coordinators of a detected target is produced after every scan cycle, so
that the time variation of the set of useful parameters —-- the target
trajectory —— is determined practically unambiguously. The signal duration
in each scan cycle is equal to the target irradiation time. The only
difference of this system is the fact that a decision is made during

each scan cycle on the basis of signals reflected from the target within
the present cycle as well as all preceding cycles.
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The signal reflected from a target, considering all of the scan cycles
preceding the one in question, called the kth scan cycle, can in general
be written as

. . A '
- 8(f {s), {11,}):2 3(t s, u), (9.29)
, =1 ’

where s, and ui are the instantaneous values of the current useful and

parasitic parameters, respectively, during the ith scan cycle., When a
decision is made that an approaching target is present, the number k-1

of previous scan cycles taken into account, as will be shown below, is

not important, since the energy (an accordingly the information) contained
in the reflected signal for distant scan cycles is negligibly small. The
multidimensional parasitic parameters u, in different scan cycles will be

considered independent random quantities which belong respectively to the
regions Ui’ The functions Bi with different values of the subscript i

each have a different time offset by the corresponding number of scan
periods. In addition, the average signal intensity varies in accordance
with variation in the distance to the target during different scan
periods.

Since we agreed not to deal with questions of resolution, the only
useful effect provided by considering previous scan cycles is the
increased signal energy realized by the receiving device when making

a decision. We shall provide a quantitative estimate of this increase
in the realized energy. We shall be using the following notation:

R -- range, corresponding to the moment at which the decision is made,
Q2 -- energy of reflected signal for one scan cycle with target range of
R, AR -- radial component of length of path covered by target during one
scan cycle, o -- relative path length ‘

AR . (9.30)

For near-maximum ranges, the quantity o is small -- of the order of 0.01l.
Q% is the total energy of the reflected signal, considering all preceding

scan cycles. The increase in realized energy can be estimated by the value
of the ratio Q%/Qz. Then, assuming that the energy of the received signal
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is inversely proportional to distance raised to the fourth power, we
find

£§_==i§ 1 hgll dz = 1
et (1 + ka)?* "'Tg(.—.,_‘;)?=~3; (9.31)

k=0 .0

The energy contained in sufficiently distant scan cycles, removed from
the cycle in question, e.g., by more than 1/o cycles, is negligibly small.
In fact, -

[ .

S 1 1 (_dz __08%. ,

E(I—{-Im)""T. ¥z &' (9.32)
k=0 0 .

which differs little from (9.31)

The energy gain obtained by considering previous scan cycles thus
increases as the distance to the target. TFor distances close to

the maximum operating range, the total energy of the received signal
over all of the scan cycles, or over the closest 1/0 cycles, is several
tens of times greater than the signal energy during the last scan
cycle. It can be expected that a sharp increase in energy will lead

to a significant increase in range (or correct detection probability)
and parameter estimation accuracy.

The second effect which must be dealt with when attempting to employ
previous scan cycles in the decision making process is that the signal
taken over several scan cycles contains more information, or a greater
number of random parameters, than the signal over ome cycle. Destruction
or extraction of additional information requires the consumption of
additional signal energy and, what is most important, it complicates
significantly the optimum processing circuit. This aspect of the problem
is dealt with in more detail below. :

‘The a posteriori probability for a signal 3 with the set of useful
parameters {si} = 8> 32,..., 8y on the basis of general principles, -
is

h P(Siseee S, /X) =k p (51 '.f 018, A (51 A5, (9.33)
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where the likelihood coefficient

Us

Ay ..., sk)'—_-;'fl...j' p(m)...pu) X
' ' Uy .

o k '
Xexp{"-—,—:,;j [23,(1. Sp u,)] dt+ (9.34)
. —ooL{=]

: k oo . L .
2
+_’V:2 j x(8)3,(¢, s, zt!) dt} duy...du,

=] —

The coefficient k denotes a number which depends only upon the received

oscillation x(t), and which can have a different value in different
formulas. The likelihood coefficient taken for one arbitrary ith scan
cycle will be designated A (s )

o0

A,(s,):S p(u)exp{——-%’:f 3,2 ¢ sp u,)d't-l— B
Uy —00

-

e | (9.35)
++ j x(0)3,(t, s, u) dt}d:,.

Then, considering that the functions 3 and BJ {j#i) do not overlap in

time, and also that the a priori probablllty p(s syesesy S ) can be
written in the form

p(sl' *e -,ék)=p(8,, . -vs/,_|)p(51/5;v e 'isk_q): (9.36)
we find

A(s,, . .,s,.) -—HA (s)=A (S 'Sk-—l)A (sk) ‘ (9.37)

i=\

and
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P (S .-.,sk/:‘() ékxp (é,. conSpyfX) P (SufSur e+ 01 8,_y) Ak(sk). (9.38)

The a posteriori probability p(sl,..., sk/x) is formed, consequently, by
multiplying three functions: p(sl,..., sk_l/x) -- the a posteriori
probability obtained at the end of the preceding k-lth scan cycle;
p(sk/sl,..., Sk—l) —- the a priori conditional probability of transition
of the object to the point 8y after it has covered the trajectory
Syseves Sp_1o and Ak (Sk) —— the likelihood coefficient corresponding to

ordinary optimal processing of the received oscillation x(t) during the
kth scan cycle taken in isolation. Processing of the received oscillation
during the kth scan cycle, as follows from (9.38), canadd nothing to the
information about the target coordinates Se-1’ Sy etc., obtained during

preceding scan cycles. The purpose of forming the function p(sl,..., sk/x)

is to ensure that the most reliable possible decision is made about the
presence of the target and about its instantaneous coordinates Sy during

the kth scan cycle. When the decision is made at the end of the kth cycle
all of the other coordinates Sp_1® Sp-27°"? ) are not subject to

estimation, and are parasitic random quantities. Accordingly, when k
scan cycles are used in the decision making process, the optimum output
should be the function

13(5,,IX)=£-~ § P(Siyee S /X)dsy . ods, =

o (9.39)
=k A, (s)])-- ,Sp(s,. oSy [X) P(SefSsr e v or 8y_) Sy - - sy,
s -

or any other function which corresponds one-to-one to (9.39). S is the
region of variation of the useful parameter s ’

The factor in the square brackets in the latter expression is the
statistically substantiated prediction A(sk) for the current scan
cycle '

A(s)= i .. é P(Siss e s Sy yfX) P(SyfS1re v s S ) Sy e dSy =
' ! (9.40)
=k, § . S ASiye .,S,M)’p(s. yoo S ds, ..ds,{__,,

S
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obtained on the basis of observations over k-1 preceding cycles and on the
basis of the a priori conditional probability p(sk/sl,..., Sk—l)' The

function A(sk) is the a priori probability distribution with respect to the

kth scan cycle.

If the target coordinates s, and s in adjacent scan cycles are totally

i+l
connected random quantities, i.e., they are connected uniquely by a defined
functional relationship,

s$i=f (sg)' .. :. s*._'|=fg_.| (sk)v/ (9.41)

where fl,..., fk—l are certain uniquely defined functions.

Here

P (sll ¢ '.'v Sk) =P(sk)6[31 ""f! (Sk)] L 8 [sg_l _fk;l (Sk)] (9.42)
and

As)=Fkp () Milfi (59« A [for, SO (9.43)

Complete statistical connectedness of the target coordinates in different
scan cycles can occur, for example, when all that is to be established

is the presence of the target on a given trajectory, or for a practically
stationary target. In the latter case

s.==§,==...==s‘==s. (9.44)
CAE)=pE)A(S). - Ay (8) (9.45)
2(s/X) =k p(s) A, (s)...A(s),
/{(S/x) LA, (s) .(S)‘ (9.46)
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which leads to the usual operation of incoherent accumulation of signal
energy over k repetition periods, where the optimum output Y(s) can be .
the function

]
Y =c Y InAs) (9.47)
=l

If the target coordinates in adjacent scan cycles, on the other hand, are
statistically independent quantities, then ~

p(sns.-.sh):pv(s.) .‘. 'p(sk)’ (9.48)
L As)=p(s) (9.49)

and |
/3'(5/x)-——,k,‘p(s,,)Ak(sk); ‘.  ot (9.50)

As might be expected, if the target coordinates are statistically
independent in different scan cycles, no value can be extracted from
the information obtained during the preceding cycles.

Thus, depending upon the degree of statistical connection between the
target coordinates in adjacent scan cycles, the potential capabilities

of a system which considers all preceding scan cycles approach one of two
limits: the p@tential cagabilities of a system with a single scan cycle
and with signal energy Q4, or the potential capabilities of a system
with incoherent accumulation of approximately 1/a repetition cycles and
with total signal energy of Q%. More detailed study of the question of

the potential capabilities of systems employing previous scan cycles
requires the use of statistical data concerning the possible target
trajectories as the basis for studying the a priori joint distribution
function p(sl,..., Sk) of the sets of useful parameters Spseees s for

i=1,2,...,k. The absence of statistical data concerning the trajectories
SyseersSy of the reflecting objects makes it more difficult to discuss

the question of resolution. It is clear, however, that the presence of
the additional parameters Sys+ees Sy leads to additional capabilities

of resolving received signals, while the averaging operation (9.39)
destroys these capabilities.
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Figure 9.3 shows one possible version of the block diagram of a system
which makes complete use of the information over k scan cycles, which is

a direct interpretation of analytical expression (9.39) for the a posteriori
probability. The notation in the figure is as follows: C -- i-system
which carries out operation (9.35) of converting the received oscillation
x(t) to‘Ai(Si); X -— a multiplication device which multiplies the input

oscillations (functions); / -- integrating device, which carries out
operation (9.39) of eliminating the parameters Syseses Sp_g from the output.

The outputs of the multiplying devices differ in several coefficients kx
for the functions p(sl,;.., si/x) shown in the figure, which, of course,

does not violate the optimality of the system output.

I e WO M e V1T .
P(3) ¥ ‘ -
L Aele)_plald \
| pls:[%) ;‘ .
R I
) ) A;-z[o':—rL x* Pl%s50s/7)
p/’r—f/ % 5n-Z§ ;
e R Ax(srL x 2(5..5./z)

P L5y {51811

Fig. 9.3. Optimum signal prdcessing circuit which realizes target
trajectory information.

This optimum processing circuit is extremely complex. It can be simplified
significantly if we avoid the attempt to reproduce exactly the optimum
processing of the received oscillations over a large number of scan cycles.
The gain achieved by considering previous scan periods will be smaller than
the theoretical maximum, but it can still be sufficiently large.
Investigation of these capabilities, as well as the a priori joint distri-
butions for the sets of parameters (sl,..., sk) are beyond the scope of the
present study.
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System (4.68) can be solved for ao*. For small errors and small
deviations of the fixing point, when representation (4.35) is acceptable,
we can use the approximate values of the right part of equations (4.68).

In this case

. Y; ‘“gb'p(.)) .
Ry =& oy *
0 [ ] Y' (“@-po) (4 .69)

0
1 1 " % . .
the two numbers Ya(a¢’ BO) and Ya(a , BO), the first of which

Thus, in order to obtain the best estimate a% it is necessary to form

represents the optimum error signal d.

By way of illustration, let us find the optimum scheme for forming the
error signal and obtaining the estimate for the simplest signal e3(t,a)
which satisfies condition (4.33) and contains the useful parameter o and
parasitic parameter €. According to (4.68) and (4.23)

o0

d=Y,(e)="{ x(®)s (t.a,)at, (4.70)
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